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A mathematical frame for ABC

Underlying probability space: (Q, A, P). Dimensions: dy, dy and n in N* = N\ {0}. Observations:
yir(w) =y = (y',...,y")T e Y" TR Vw e Q, where Y C R has a metric py. Parameters:
¥ € H where H C R has a metric py. Prior: 1 € P(H). Model: {u3}yey, family in 2(J").

Notations. Let X be a topological space. We denote by B(X) the o-algebra on X of the Borel subsets
of X, by Z(X) the class of the probability measures on B(X) and, given another topological space Y,
by #(X,Y) the class of the Borel measurable functions from X = (X, B(X)) to Y = (Y, B(Y)).

Next, we'll write V¢ € H meaning V9 € H [x], i.e. (id est) for 7-a.a. (almost all) ¥ € H.

[AO-a] The model {u}yey is generative meaning that, V9 € H, it’s possible to generate how many
Zm = (2 2MT e Y with 21 ~ put we desire.

Pseudo-observations: 2™ € Y™ with 21" ~ 1, V9 € H. Deviation measure: D, pseudo-metric on Y™
Notations. ¥ 9 € H, Vg = { Zin e yn } Zhn Iy } C Y™ and, for any ¢ € R, = [0, +o0],

D! =D(y'™,- )7 ([0,e]) = {"" e Y" | D™, z'"™) < e} € BOY™.

Remark. Although there may exist y # z in Y™ s.t. (such that) D(y, z) = 0, D remains non-negative,
subadditive and componentwise continuous. Moreover, D? | D} = D(y'™,-)~1(0) as € | 0.

[AO-Db] (under AO-a) There exists g9 > 0 s.t., for any € € ]0, o[, the two following conditions hold.

1. The function ¥ — pj[D?], to be seen as defined 7-a.s. (almost surely), belongs to Z(H, [0, 1]).
2. [, p3[D2]w(dd) > 0 (ie. #0).
Remark. 2 of AO-b is equivalent to having ¥ — pj[D7], briefly ,u?.)[D?], not m-a.s. identically zero.

» Regarding the whole continuation, we assume that A0-a and AQ-b worth.

ABC thresholds: any e € ]0,e9[. ABC rejection algorithms: hereunder.
(i) Choose € € ]0,&¢]. (ii) Draw ¢ € H by 7 and z'™ € YJ. (iii) Keep ¢ if, and only if, 21" € D™
ABC posteriors: F;lm < 7, Ve €]0,ep[, whose density is proportional to u?_)[D?]: for any B € B(H),

_ JpplDz] m(a)
Sy 1 D2 (A7)
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Remark. Explicitly, V e € 0, go], Mot € P (H) is absolutely continuous w.r.t. (with respect to) 7
meaning that, for any N € B(H), if 7[N'] = 0 then 77,.,[N] = 0 as well.

[AO-c] For any Y € B(Y"), /ﬂ(l_)[Y] € B(H,[0,1]) (coherently w.r.t. AO-b).

Model for the true posterior (under AO-c): for any Y € B(Y") and B € B(H) with n[B] > 0,

PIYIB) = — [ m3lYn(ao)

from which the corresponding posterior: for any Y € B(Y") and B € B(H), whenever it makes sense,

(through the Bayes’ formula with 7 still as the prior). Therefore, the true posterior would be
71'[ . ’ylzn] — 71'[ . Hylzn}]'

Remark. For any € €10, o[, 1.0+ ] = [+ [DI].

A convergence result for € |0
Notation. We'll denote by m := m%®™ the Lebesgue measure on R (on B(R%™)).
[A1] V9 € H, the two following conditions hold.
1.y < m with f§ =duj/dm s.t., vV 21" e Y™ [m] for which it’s defined, f(".)(zlm) € B(H,R,).

Lin) is not 7-a.s. identically zero.

2. fy(+) is continuous and f(”.)(y
Remark. 1 of Al implies AO-c while 2 of Al ensures that [,, f§(y"™)7(d¥) > 0 (eventually +00).
[A2] (under A1) There exist 8, € ]0,+oo| and g € L!(7) with ¢ > 6 [r] all s.t., VU € H,

§< sup fp(z"") < g(9).
2lmeD?

Remarks.

e A2 would imply 2 of AO-b employing any ¢y € ]0, £] because, for any € € |0, £[, the function
9o g = [ fp st
DTL
cannot be m-a.s. identically zero. In particular, for any ¢ € ]0,&[, m[DZ?] > 0 too.

e A2 implies that f(”‘)(ylm) € LY(m) with L!(7)-norm lower or equal than ||g||, = ||g||L1(7r).

e Even the following generalization of A2 would work. [A2] (under A1) There exist g € L' (m) with
g >0 [r]and € € ]0,+00] s.t., for any € € ]0, €[, there exists d. € |0, +oo[ s.t., VI € H,

5. < sup fy(z"") < g(9).
zlineDp

[A3] (under A1) V9 € H, D(y:",-)~(0) C (Rt

Remark. Extensively, for any 21 e V" if D(y'™, 25") = 0 then, V 0 € H, Yy = f3(y""). Hence,
if D(yt",-)~1(0) = {ylzn}, which happens when D is an actual metric, then A3 trivially holds.
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Proposition. Under assumptions Al, A2 and A3, the three following conditions hold.

a. The ABC rejection algorithm and the ABC posterior are well defined for any € € ]0,e V £[.
b. The true posterior w[ - |y*"] makes sense and it takes the following expression: for any B € B(H),

e £ w(dd)
Jy £ (g™ w(d07)

m[Bly""]

c. The ABC posterior strongly converges to the true posterior as € | 0: for any B € B(H),

7 [B] = w[BlyY"] ase ] 0.

yl:n

Proof (b and c). The thesis essentially matches with the fact that, for any B € B(H),

[ bt - [ gm0 ase o

as a consequence of the classical Lebesgue’s dominated convergence theorem. Indeed, on one side,
pointwise convergence: V ¢ € H, m[D?]~142[D?] = m[D?]_lfD? frtmy dztm — f2(ytm) as e L 0 due
to the basic integral mean value theorem leaning on the continuity of f§'(-) and A3. On the other side,
dominance: V9 € H and V ¢ € ]0,], 0 < m[D?] 12D < g(9) from A2, and g € L (). O

Optimal transport theory in ABC

Let’s visualize (), py) as a separable and complete metric space in such a way that it is also a
Radon space, i.e. any element in #2()) is a Radon probability measure (outer regular on Borel subsets
and inner regular on open subsets), and let’s choose an unit cost function ¢: Y x ) — [0, 400] which is
lower semicontinuous (thus Borel measurable) and a parameter p € [1, +oo[ of summability.

Notation. We'll denote by &,()) the subclass of #(Y) whose elements have finite p-th moment.

Kantorovich’s formulation. For any p,v € Z,()), let’s consider the subclass I'(p, v) of (Y x Y)
whose elements v are the couplings with marginals 1 and v. Then the Kantorovich’s formulation of the
optimal transport problem related to (), py), ¢ and p is

K(u,v) = inf / c(y,y') dv(y,y).
vel(pwv) Jyxy

It can be shown that there exists a minimizer v* & I'(p, v) for such a problem which could be determined
by means of gradient descent algorithms.

Ezxzample. For ¢ = (py)P, K coincides with the p-power of the Wasserstein or Kantorovich-Rubinstein
distance: in symbols, K = W,P.

Monge’s formulation. For any p,v € #,()), let’s consider the subclass T(u,v) of B(Y) = B(V,)
whose elements T" are such that Typ = v.

Remark. Here Typu stands for the push-forward or image measure u? = T'(u1) of p through T': that is,
the element in Z(Y) defined by Tuu[A] = u[T~(A)], A € B(Y).

Then, at least when p and v are both atomic (not diffuse) or otherwise when p is not atomic (diffuse),
the Monge’s formulation of the optimal transport problem related to (), py), ¢ and p is

M) = int | ol T0) )

TeT(p,v)
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Example. Let’s assume that dy =1 and ) = R with py equal to the usual Euclidean metric.

Notation. For any n € Z(R), we’ll denote by F), and Fr I the cumulative distribution function of n
and the quantile function of n respectively.

If there exists a function ¢: R — R which is convex and such that, for any y,y" € R, ¢(y,y') = p(y — /)
then, for any u,v € Z,(R) with u not atomic, the function T* := F, 1o F,, € T(y,v) is an optimal
transport map w.r.t. the Monge’s formulation and the following identity holds:

+o0 1
M(MaV)E/ sO(y—T*(y))u(dy)z/O Q(F'(t)— F, (1)) dt.

—0o0
Moreover, if ¢ is strictly convex, then such a T™* is the unique optimal transport map.

Radon’s metric. For any p,v € Z,(Y),

pr(p,v) = sup / h(y) (n —v)(dy)
heCO()},[—l,l}) Yy

defines a metric on #,()) whose notion of convergence corresponds with the total variation convergence.

Remark. The space (), py) is a Hausdorff, namely T», and locally compact as a topological space.
Some lower bounds for n — +oo

Notation. ¥V n € N*, we'll write V y5™ € Y™ meaning to vary of 5" (w) = y'™ in Y™ for P-a.a. w € Q.

Deviation measure of distributions: once and for all, V n € N*, v ylme yn, Vi eHandV lne Yy,
we univocally associate an element in (), possibly in Z,(¥) (p > 1), to both of y" and 2!, let be

fin = flytn tO y5"  and [ = [y p1in tO Z1m
and we select a pseudo-distance 7 on Z(Y), possibly on Z,()).

Ezxample. ji, = fin =Y ;) 0,0 and pyn = flgn = Y _j_; 0,5 where, for any x € Y and B € B(Y),

1, ifzeB,
0, ifx¢ B.
Remark. The space (Z()),T), possibly (#,()), T ), may not be of Hausdorff as a topological space.
[BO] ¥V n € N*and V¥ € H, the three following conditions hold.
1. Y3 e BO").
2. Vy'm e Y, the function 21" — T (ttn; p9.n) belongs to B(Vg, Ry).
3. Vylme Y™ and Ve €10, ),
D) = g [{ 2H" € V3 | Tpns pon) < 3]
Remark. 3 of BO holds if, V n € N*, v ytme yn, Vi eHandV e NS Dy, 21) < T (i, pgn)-
[B1] (under BO) There exists unique p, € Z()), possibly in Z,()), s.t. the following occurs.

1. For any n € N* w +— T (up, t1+) is A-measurable as a function from Q to R..
2. T (pin, tts) — 0, P-a.s., as n — +o0.

Remark. Bl implies that, for any £ >0, P[{w € Q| T (pn, ptx) > £ }] = 0 as n — +o0.

4



REPORT OF (MARKOV CHAIN) MONTE CARLO SIMULATION

[B2] (under B1) V9 € H, there exists unique py € 2(Y), possibly in Pp(Y), s.t. the following occurs.

1. The function 9 — T (uy, px) belongs to B(H,Ry).
2. Vn e N*and V9 € H, the function 21 — T (19.n, o) belongs to B(Vg', Ry).
3. There exists T € [0, 1] such that, VoeHand Ve > 0,

lim sup,, 1 [{ 25" € Vg | T(pon, po) > }] <7
4. There exist o € [0,7] and 1 > 0 such that, V9 € H and ¥ ¢ € ]0,&1],
liminf,, g [{ 25" € V3 | T(pons o) > € }] > 0.

Remark. 3 of B2, without specific requests on ¢, is equivalent to any version of that in which upper
bounds for € are imposed. Furthermore if, V9 € H and V & > 0, ul[T (o n, p9) > €] — 0 as n — 400
(shortly put), then any 7 € [0, 1] satisfies 3 of B2 while only o = 0 but any e; > 0 fulfill 4 of B2.

[B3] (under 1 and 2 of B2) There exists 9, € H which minimizes ¥ — T (g, i) over H: simbolically,

U, € argmingy T(u(.), [hx) -

Notations. We'll denote e, = T (g, , pts) = ming T (s, ptx) > 0 and, VO €M, Ty =T, i) > e

[B4] (under B3) There exist a neighborhood U, C H of ¥, a connected neighborhood Iy C Ry of zero
and a strictly increasing function % : Ip — Ry all s.t., V ¢ € U,

Ty —ex < %D(Pﬂ(ﬁﬁ*))-

Notations. We'll write “for any (y'"),,” meaning to vary of (y'™(w)), = (y'")n, with y'"(w) =y
in Y™ for any n € N*, w.r.t. a w € Q. Lastly, for any € > 0, we’ll denote by e~ any element of ]0, £].

Proposition. Under assumptions BO, B1, 1, 2 and 3 of B2 and B3, the following occurs so far as
ex < €0

for any € €10,20 — e[, (¥*™)pn with n=n. large enough and with probability P going to 1 as n — +o00.

a. WZ{:J;E [’T() > e, +5_/3] >(1- T)W[E* +e7/3< Ty < ex +8/3].

b. WZ’LJZF [#\ argming T(.y] > (1 —7)7[e. < T(.y <ex+¢/3].

c. Under assumption 4 of B2, let’s suppose that in 3 of BO the equality holds and that e, < £1/2.
Then, for any € € 10,29 — x| even more enough small,

Ae=(1—0)m[T(.) <ex+5e/3] + 7 [T(.) > ex +5¢/3] >0

and

_T7T[€*+€_/3§7E.) §6*+€/3].

€

1
o+ -
T [T 2 et e /3] 2
d. Under assumption B4, for any ¢ € Ip\ {0} and r > 0 small enough,
mo it lon (- 00) 2] > [T 2 e+ 9(C)]

for which lower bounds of a and eventually ¢ hold if also ( is small enough.

5



REPORT OF (MARKOV CHAIN) MONTE CARLO SIMULATION

Proof. First of all, by virtue of the classical Fatou’s lemma (and of A0-D) it’s simple to realize that,
for any e € ]0,e9 — &,[ and (y'™),,, [;, limsup,, pf[D2, J7(d9) > 0 and, for any ¢ >0,
f{’f(.)zsﬁ—é‘} lim inf,, p3[D? ] m(d?d)

Jy limsup,, 1, [DZ ] m(dd)

a. Since [, limsup,, puj[D? ] 7(dd) < 1, the thesis will be obtained once has been demonstrated that,
for any € € ]0,e9 — 4], ¢ €]0,¢/3] and P-a.a. (y'"),, with n=n. large enough to have T (i, itx) < /3,

lim inf,, 7T6*+5 [Ty >ec+(] >

liminf, pj[D2 , Jm(dd) > (1 —7)7w[e.+ ¢ < Ty < e+ ¢/3].

/{7’( et}

Indeed B0 applies and, thanks to the triangle inequality which holds for T, it’s easy to verify that,
Vne N Vylm e Y» Vi eHand Ve €)0,e0 — e, if Ty < ex+¢/3 and T (pun, ps) < /3, then

{7 €V | Tom o) <e/3} C {2 € Vi | T(pom pin) < ex+e}

and thus

liminf,, py[DZ ] m(dd) > liminf, pg [T (1o n, p9) < €/3] w(dD)

A'I‘(.)Ze*-&{} [[E*+CS7—(.)S€*+E/3}

from which we conclude considering that by 3 of B2, VdeHand Ve > 0,
liminf, @[T (1o n, o) < €/3] =1 — limsup,, ui [T (ton, o) > €/3] > 1 — 1.
b. That’s a corollary of the previous result: for any € € |0, &9 — &4[ and (y*™),, with n=n. large enough,
E*J“E [’H \ argming, 7. ] = ;*Jff [’ﬁ) > 5*]
=i [Ueo {0 = e + (Y]
= sup w7 [T = e+ (]

0<¢<e/3 Y
>(1—7) sup w[ex+¢( <. ) < e +e/3]
0<¢<e/3

=(1—7)m[e. <T(.y<ex+e/3].

1:n)n7

c. It would be sufficient to show that, for any € € ]0, g — &4[ even more enough small and P-a.a. (y
/ lim sup,, 42 [D" ] 7(d9) < Ae = (1— o) 7 [T < & + 56/3] + 77 [T(.) > s + 5¢/3]
H

(bearing in mind the procedure of the first proof). Indeed, thanks again to the subadditivity of T,
vV n e N Vylne yr, Vo eHand Ve €10,e0 — e4f, if Ty > ex + 5e/3 and T (n, pis) < £/3, then

{Z"" € Vi | T pn) <ewt+e} C{2" €V | /3 < T (o po) < To+ex+4e/3}

so, using the hypothesis pf[D? | .| = pi[T (ton, pin) < €5 + €] (ie. <), and breaking the integral,

| timsup, @yl was) < [ lis Sup,, J3[T (tt0.m, i) < 265 + 3] ()
H {7'(.)S6*+55/3}

limn sup,, 13T (19,0, 110) > /3] 7(d0)

<

{7’(.)>€*+58/3}

and finally, by 4 of B2, VdeHand Ve e 10,60 — &4[ small enough to have also 2, + 3¢ < &1,
limsup,, w3 [T (o ns o) < 264 + 3e] = 1 — Uminf, pf[T (o n, o) > 264 + 3] <1 —o.
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d. Let’s fix any 7 > 0 small enough to have r < ¢ and {py(-,9) < r} C U,. Then B4 guarantees that
there exists N’ € B(H) with 7[N] = 0 such that, for any 9 € H \ N with py (9,9,) <r

To = e <V (pu(9,94)) < 9(r) < 9(C)
and thus {py (-, %) <r}\N C {7(.) < e+ ¢(()} or, equivalently,
{pu(+,9) 27} UN D {T() Zec +9(0) }

hence the thesis (Vn € N, V¢! € Y and V e € 10,0 — &4], sztf [N] =0 as well). O

Remark. Let’s discuss how a condition consistent with A2 as the following could interact.

[A2’] (under A1) There exist 6,&" € ]0,+oo[ and g € L'(w) with g > 8 [« ] all s.t., V ¢ € H and
V (2'"),, with '™ € D", for any n € N*,

§ <liminf, f3(25") and limsup, f5(z'") < g(9).

Proposition. Under assumptions B0, B1, 1 and 2 of B2, B3, Al and A2/, the following occurs so far
as ex < eg A& and for any e € 10,69 N’ — 5*[ and P-a.a. (y5"),.

a. For any ¢ >0, 7r€*+5[7’() 5*4—@ > e, +(].

llglly ||1 g

b. 7T€*+E [#\ argminy, 7(.y] > m[H \ argminy T(.)].

~ gl ||1
Proof. For any ¢ € ]0,e9 A&’ — &4, P-a.a. (y*"), and ¢ > 0,

Ji7 zecry ™) [ | ST dE1T
f?-l d’l9 fD" fg/ (zlzn) dzln

i [Ty 2 e+ (] =

a. We use directly A2’ provided we reduce further e (note the cancellation of both the terms m[D? | ]).
b. That’s an elementary consequence of the above result in a way already seen previously. O
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