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Introduction

In this Thesis, we study time-inconsistent recursive stochastic control prob-
lems where the notion of optimality is defined by means of subgame-perfect
equilibrium. In a continuous-time setting, such controls have been introduced
in [10] and [14], later completed in [13], and can be thought of as “infinitesimally
optimal via spike variation™ i.e., they are optimal with respect to a penalty
represented by deviations during an infinitesimal amount of time.

In particular, in [14], the authors apply the classical (Pontryagin) maximum
principle theory of [45] to deal with the linear Merton portfolio management
problem in the context of pseudo-exponential actualization, introducing the
concept of subgame-perfect equilibrium policy as a notion to ensure the time-
consistency of the portfolio strategy—possibly not unique. They arrive at
equivalent formulations in terms of ODEs and integral equations due to the
special form of discounting. See also [29], [24], [3], [4], [2], [25] and [43], and,
with regard to the deterministic case, [38], [35], [11] and [12].

In this Thesis, we perform similar operations for a more general control
problem in the context of recursive utilities and furthermore under a constraint,
which we call state constraint, and finally we apply our results to the financial
sphere.

The theory of recursive optimal control problems in continuous time has
attracted much attention in recent years. For the time-consistent framework,
we refer in particular to the fundamental works [8] and [16] (see also [17]
and references therein). For the time-inconsistent setting, we mention the
series of studies by Yong (see, e.g., [40]), whose approach focuses on dynamic
programming (Hamilton—Jacobi-Bellman equations).

The approach followed in our work is instead inspired by [14] and [22]
and relies on the stochastic maximum principle; see also [31], [32] and [5]. We
adapt the classical spike variation technique to obtain a characterization of
equilibrium strategies in terms of a generalized Hamiltonian function H defined
through a pair of backward stochastic differential equations.

Our generalized Hamiltonian function, compared with the classical one,
contains the driver coefficient of the recursive utility (which has more variables
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than its analogue in the classical case) and involves a second-order stochastic
process.

We emphasize that, in contrast to the classical case, equilibrium strategies
are characterized through not only a necessary condition, but also a sufficient
condition involving the generalized Hamiltonian even in the absence of extra
convexity conditions.

We point out here that the spike variation technique, explicitly required
by the definition of equilibrium policy, applies indiscriminately to the case
in which the control domain U satisfies particular geometric conditions such
as convexity or linearity and to more general cases; see [27] for a different
approach, a terminal perturbation method, which is applicable only to the case
of time-consistent optimal controls in the classical sense.

An explicit characterization will smoothly be computed for a portfolio
problem that we will consider at the end. We would like to observe here also
that the assumptions we adopt for the coefficients of our stochastic control
system—a decoupled forward-backward stochastic differential equation—are
substantially those proposed in [22], although the concept of equilibrium is not
used there. See also [1] and [7].

Going further, our analysis is extended to time-inconsistent recursive stochas-
tic control problems under a state constraint defined by means of an additional
recursive utility, under appropriate boundedness assumptions. That constraint
refers to an expected value, similarly to the one proposed in [45], and so we
adapt Ekeland’s variational principle (see also [9]) to this more tricky situation.

We use a penalization method, i.e., we consider equilibria for unconstrained
problems approximating our constrained problem, and we then apply the
previously developed theory to the maximum principle, obtaining corresponding
necessary conditions which, passing to the limit, will also give conditions for
our original equilibrium.

The existence of approximating equilibria will be guaranteed precisely by
Ekeland’s variational principle. We also obtain the usual transversality condition,
but losing the sign of the first scalar multiplier and failing to incorporate the
two multipliers into the Hamiltonian from within. A key point here is to know
the distance function with respect to a closed subset of R¥.

We would like to point out that this procedure seems to be able to manage
a wide variety of constraints (quite different from the one just mentioned). For
instance, one could take a pointwise constraint on the state process at the
terminal instant as those considered in the time-consistent case in, e.g., [27]
and [46] where, however, convexity is assumed and the spike variation technique
is not used. Alternatively, one could consider as a constraint an expected value
of a function of the terminal state as in [18|, where local minimizers, Clarke’s
tangent cone and adjacent cones of first and second order are used. For further



details, we suggest that the reader consult [39], [42], and [41].

Finally, the theoretical results are applied in the financial field to finite
horizon investment-consumption policies with non-exponential actualization
(e.g., a hyperbolic one). In particular, we extend the results contained in the
aforementioned works [10], [13], and [14] in two directions: first by introducing
the recursive utilities and second by considering state constraints.

We emphasize that these problems are still far from being fully developed.
We refer to [34] as one of the first notable works in portfolio choice theory
with constant-relative-risk aversion (CRRA)-type preferences, for a convex and
compact constraint defined through a (pseudo) risk measure such as value
at risk (VaR) on a wealth process at a future time instant “very close” to
the present. Here, the market coefficients are random but independent of the
Brownian motion driving the stocks. For a generalization, see [30] (CRRA
preferences) and also [23] and [6] (martingale methods). For further directions
in this field, see [15] (bond portfolios) and |21, 20| (optimal derivative design),
among the others.

We stress that, under appropriate hypotheses, our results cover the case
where the constraint is, more specifically, a risk constraint, i.e., the additional
recursive utility derives from a suitable dynamic risk measure defined by means
of a g-expectation as, e.g., in [37] and references therein (this is an approach
that deserves further investigation).

We seek here controls in feedback form, partially mimicking what is done
in [14] (or [13]), where explicit calculations are feasible. The shape of the
recursive utilities, in both the unconstrained and constrained cases, follows
the classic Uzawa type (see [8]), but many other choices are possible. See
also [19], [26], [44] and [33].

The Thesis is organized as follows. In Chapter 1, we formulate the notion
of (subgame-perfect) equilibrium policy and the two classes of problems we are
interested in, namely, unconstrained and constrained (a matter of obtaining
a maximum principle). In Section 1.1, we introduce the basic notations and
spaces of stochastic processes we work with. In Section 1.2, we introduce: the
control domain

U;
the space
wt,T)
of admissible controls u(+) (see Definition 1.2.1); the state domain
I

the admissible 4-tuple
(’U,('), X(')a Y(' ; t)v Z(' 7t))a



solution of the recursive stochastic control problem
dX(s) = b(s, X(s),u(s))ds + o(s, X (s), u(s))dW(s),
dY (s;t) = —f(s, X (s),u(s),Y(s;t), Z(s;t);t)ds + Z(s;t)dW (s),
X(t)=x,  Y(T;t) = (X (T):1),

(with x € I, T € ]0,00[ and s € [t,T]), where X(-) is the admissible state

process (see Definition 1.2.3) and Y'(-;¢) is the admissible recursive utility (see
Definition 1.2.4); the utility, or cost, functional

J(u(-);t,x) =Y (t;1)

(see Definition 1.2.6).
Therefore, we present the notions of equilibrium policy

IT

)

equilibrium pair and equilibrium 4-tuple by relating them to the behavior,
roughly speaking, of liminf of the form

hmig)nf J(us(+);t, x) g— J(a(+);t, x)

(see Definition 1.2.7).
The first stochastic control problem, the unconstrained one, consists in find-
ing necessary and sufficient conditions for an equilibrium 4-tuple (Problem 1).
We also add the (one-dimensional) state constraint

Ju(-);t,z) =Y (t;t) € Tty
(I't» C R), where (u(+), X(+)) is an equilibrium pair and

{dY(s;t) = —f(s,X(s),u(s),Y(s;t), Z(s;t);t)ds + Z(s;t)dW(s),
Y(T;1) = h(X(T);1),

(see Definition 1.2.9).

The second stochastic control problem, the constrained one, consists in
finding necessary conditions for an equilibrium pair that satisfies the state
constraint (Problem 2). In Section 1.3, we present some preliminary results
mainly on continuous dependence in BSDEs theory and in metric space theory
(see, above all, Lemma 1.3.1 and Lemma 1.3.3).

In Chapter 2, we present necessary and sufficient conditions for the existence
of an equilibrium policy in the unconstrained case. In Section 2.1, we define



the adjoint equations/processes of first order and second order (associated with
an admissible 4-tuple), respectively

{dp(é‘; t) = —g(s,p(s;1),q(s;1);t)ds + g(s; 1) AW (s),
p(T;t) = he(X(T); 1),

and

{dP(S;t) = —G(s, P(s;t), Q(s;1);t)ds + Q(s; 1) dW (s),
P(T;t) = hyo(X(T);1),

where the maps
g:[0,T]s x R, x R, x [0, T[; — R,

and
G:[0,T]s x Rp x Rg x [0, T[], — R,

respectively linear in (p,q) and (P, ) and explained later, descend from a
second-order expansion of the cost functional and so reflect the structure of
the functional itself given in terms of recursive utility (see Definition 2.1.2
and Definition 2.1.3). The generalized Hamiltonian (function) of first order
(associated with b, o, f) is

H(S7x7u7y7 Z?Z%Q;t?‘%?ﬁ) = pb(57'x7u) + qa(s7'x7u)
+ f(s,z,u,y, 2+ plo(s,z,u) — o(s, 2, u)]; t)

(see Definition 2.1.4) and the generalized Hamiltonian (function) of second
order (associated with b, o, f) is

H(s,z,u,y,2,p,q,P;t, T, u) = H(s,z,u,y,2,p,¢;t, T, )
+ 3 Plo(s,z,u) —o(s, 7, a))’

(see Definition 2.1.5). Finally, we present a preparatory lemma, Lemma 2.1.1,
and finally the maximum principle, Theorem 2.1.1, that solves Problem 1. In
Section 2.2, we prove Lemma 2.1.1 leaning on the classical “Taylor expansions”
as in [45, Chap. 3, Sect. 4], and then a more recent technical procedure as
in [22], to get a further expansion of first order of J(-;¢, ) through a family of
approximating linear BSDEs and a useful change of numéraire

K(+5t)

(see Definition 2.1.1). In Section 2.3, we extend the results developed in the
previous sections to the multidimensional case. Here the most interesting



aspect lies in the modification of the cost functional (and, consequently, of the
maximum principle condition) as

J(u(-)it,x) = (Y(t;t);t)

where
v R?X [O,T[t — R

is of (differentiability) class C' w.r.t. the variable y € R™ In Section 2.4, we
propose a significant application to portfolio management which involves a
linear recursive stochastic control problem, where any admissible control is an
investment-consumption strategy, the state process is a wealth process and the
recursive utility is of Uzawa type:

dX (s) = X(s)[(r + p¢(s) — c(s))ds + a((s)dW (s)],
dY (s;t) = —Hhi(s;t) [—v(c(s)X () = B(s; )Y (s58) = y(s;8) Z(s51)] ds
+ Z(s;t)dW (s

~

)
X(t) =z, Y(T;t) = =W(T;1)o(X(T)),

Y

(with > 0), where

v(+),0(+)
are two scalar functions of a real variable that satisfy the classical Uzawa-Inada
conditions and

h(+3t), fi(- 5 t)

are two discount functions on [¢,T] (possibly non-exponential).

In Chapter 3, we present necessary conditions for the constrained problem,
i.e. for an equilibrium pair (w(-), X(-)) that satisfies the state constraint.
Assuming that U is bounded, Problem 2 is solved in Theorem 3.1.1 by applying
a penalty method based on Ekeland’s variational principle (Lemma 3.2.1) in
an analogous way to the classical case in [45, Chap. 3, Sect. 6], but through a
more complex proof, since there could be an admissible control w(-) with

J(u(-);t,x) < J(u(-);t, ),

hence the denominators of some ratios may become zero.

In Section 3.3, we solve Problem 2 under the assumption that w(-) is
essentially bounded (as a stochastic process), but with U not necessarily
bounded, applying a very natural approximation method (see Corollary 3.3.1).
In Section 3.4, similarly to Section 2.4, we apply the results obtained in the
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previous sections to portfolio management by adding a recursive utility system
where the recursive utility is of Uzawa type as well, to get a state constraint:

dY (s;t) = h(s;t)B(s; )Y (s;t)ds + Z(s;t)dW (s),
Y (T;t) = —h(T; )0(X(T)).
Possible future research directions are discussed in the brief concluding

chapter, concerning the investigation of more general state constraints or with
more general cost functionals or different concrete applications.






Chapter 1

Problem formulation

1.1 Notations

Set T € ]0,00[ as a finite deterministic horizon and let (Q2, F,P) be a
complete probability space such that we can define a one-dimensional Brownian
motion, or Wiener process, W = (W (t))icpo,r) on it. Let F = (F;)sej0,17 be the
completed filtration generated by W, for which we suppose

Fr=F

(system noise is the only source of uncertainty in the problem). Thus, the
filtered space
(Q,F,F,P)

satisfies the usual conditions. In this regard, see, e.g., [45, Chap. 1, Sect. 2].

Remark 1.1.1. For any non-empty set Z of indices 2, we will keep implicit the
dependence on the sample variable w € € for each stochastic process on Z x €2,
as is usually done (and as indeed we have just done for ). We specify also that
any stochastic process on Z x ) must be seen as its equivalence class given by
the quotient with respect to the equivalence relation ~ of indistinguishability:

i.e., for any process X = (X(2)),ez, X = (X(2))ez on Z x 2, X ~ X if and
only if
P[VieZ, X()=X@)] =1.
We introduce the following, rather familiar, notation, in which £ € B(R),
de N*=N\ {0}, VCR?=R%is a vector subspace, t,7 € [0,T] with t # T,
and p € [1, 00[:

e <. Less than or equal to, unless there are positive multiplicative constants (in-
dependent of what is involved) about which we are not particularly interested
in being more explicit.



Problem formulation

m| - |. The one-dimensional Lebesgue measure on B(R).

1z(+). The indicator function of the set F, i.e., for any = € R,

1 ifzek
1 = ’
#() {0 itz ¢ E.

E[-]. The expected value w.r.t. P of a (P-integrable) real-valued F-measurable
random variable X on € i.e.,

EX|=EX = /X(w) dP(w) € R.

LP(§2; V). The (Banach) space of V-valued F,-measurable random variables
X on € such that
[ XP=E|X]" < oco.

L>(€; V). The space of (P-a.s.) bounded V-valued F,-measurable random
variables X on (2, i.e., with

| X ||oo =1inf { K € [0,00] | |X| < K P-a.s.} < o0
where eventually, by convention,

inf ) = oo.

Ly (t,T; V). The space of V-valued (F;)sei,r-progressively measurable pro-
cesses X = (X (5))sepr on [t, 1] x Q (or X(-), for short) such that

T
IXCE = 1K1 =B [ [X(s)ds < o
t
L (t,T;V). The space of bounded V-valued (F;)scp,r)-progressively mea-

surable processes X = (X(5))scp,r on [t, 1] x €, i.e., with

X ()]l = [ X]loo = inf { K € [0, 00] | supyep 7| X (s)] < K P-as.} < oo,

LE(;C([t,T]; V). The space of V-valued (F;)se,r-adapted (P-a.s.) con-
tinuous processes X = (X (s))se,r) on [t, 1] x €2 such that

IX (e, = 1XE, = E sup [X(s)[" < co.

s€[t,T)



1.2 Definitions and assumptions 3

Remark 1.1.2. For X = (X(s))sepr € LR(t,T;V),

B [1x@is) <Xl <o

(by the classical Jensen’s inequality, w.r.t. the Lebesgue measure on [t, T], for
a.a. fixed w € Q).

Remark 1.1.3. A R%-valued (F;)sepr)-adapted process X = (X(s))sepr) on
[t, T] x § admits an (F;)scp,11-progressively measurable modification (stochasti-
cally equivalent process) and, if X is (P-a.s.) left continuous or right continuous

as a process, then X itself is (F)scp,11-progressively measurable. See, e.g., [45,
Chap. 1, Sect. 2|.

1.2 Definitions and assumptions

Take n € N* and R" equipped with the Euclidean topology and the Borel
o-algebra B(R™) with its Lebesgue measure, as will be the case for any other
Euclidean space, and choose a control domain

UeBR")\ {0}
(not necessarily bounded, for now).

Definition 1.2.1 (Admissible control). Fix an arbitrary initial instant
tel0,T].

For an appropriate
p € [2,00]

that we do not want to give in explicit form (see |22, Introduction]), we set
Ut,T)={u(:) € LL(t, T;R") | u(-) is U-valued } (1.1)
and we call an admissible control any element w(-) of % [t,T].

Remark 1.2.1. If U is bounded (in R™), then the class Z[t,T] in (1.1) simply
coincides with the one constituted by the U-valued processes u(-) on [¢t,T] x 2
such that w(-) is (Fs)sep,1)-progressively measurable.

Definition 1.2.2 (Spike variation). Fixt € [0,T], u(-) € Z[t,T],c € ]0,T —t],
and a set
E; e B([t, T1)
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with length
|Ef| = m[E] =e.

For u(+) € Z|[t,T], we call the spike (or needle) variation of u(+) w.r.t. w(-)
and E; the admissible control u®(-) € % [t,T] defined by setting

—&

Remark 1.2.2. The spike variation u®(+) in (1.2) is explicitly given, for any
s € [t,T], by
a(s) = {ms) if s € [t,T]\ Ef,

u(s) ifse EL

Notation 1.2.1. Any alphabetic letter appearing as a subscript of a prescribed
set that appears explicitly as (part of) the domain of a function such as, among
others, w = (uy,...,u,)" for

U=U,

or x for
R=R,

should be seen as our preferred notation for the generic variable element of
that domain.

Fix deterministic maps
byo:[0,7T]s xR, x U, — R,

f:00,T]s x Ry x Uy x Ry xR, x [0, T, = R,

and

h:R, x [0,T[, » R

such that the following assumption holds, similarly to [22]| (to which we refer
to better understand why such strong assumptions are needed).

Assumption 1. The maps b, 0, f, h are continuous w.r.t. all their variables
and, for any ¢ € [0, T, there exists L; € ]0, 0o[ such that, whatever map

(s, z,u,y, 2;t)

between b(s, z,u), o(s,z,u), f(s,x,u,y,z;t), and h(x;t) is taken, and for any
s€t,T],u €U and z,y,z € R,

(s, z,u,y, 2 t)| < L (14 || + |ul + |y| + |2]).
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Next, b,o,h are of (differentiability) class C? w.r.t. the variable z € R;
by, by, Or, 04e are bounded (on [t, T X R, x U,) and continuous w.r.t. (z,u) €
R x U; hg, hyy are bounded and continuous (on R,); f(+;t) is of class C? w.r.t.
(z,y,2) € R3 with Df(-;t) and D*f(-;t) (gradient and Hessian matrix of f(- ;)
w.r.t. (x,y, z) respectively) being bounded (on [t,T]s x R, x U, x R, xR,) and
continuous w.r.t. (z,u,y,z) E R x U x R x R.

Remark 1.2.3. Regarding Assumption 1, we point out the following.

e The relations with ¢ = b and ¢ = o could really depend on ¢ through the
fact that s € [t, T].

e The conditions of sublinear growth and boundedness imply something that
is somehow stronger than implied by the classic conditions in [45, Chap. 3,
Sect. 3|: more precisely, for any ¢ € [0, 7, there exists L; € ]0, 00| such that,
whatever map ¢(s, z,u,y, z;t) between b(s, z,u), o(s,z,u), f(s,z,u,y, z;t),
and h(x;t) is taken, for any s € [t,T], w,u € U, and z,%,y,7, 2,2 € R,

lp(s, 2, u,y,2:) — @(s, 2, 4,9, 2 1)
Vlga(s .y, 2t) — u(s, &, 0, 9, 23 )|
V Qe (s, @, w,y, 251) — pua(s, 2,4, 9, 2 t)]|
< Li(le — 2|+ u—af + |y — g + |z - £])

and
|90(Sa 07 u, 07 0) t)‘ < Lt‘

e A similar condition could work even if, relative at least to the variable uw € U
or x € I, it uses a more generic modulus of continuity w(+) than a linear one,
namely, a map

w: [0,00[ — [0, 00]

that is non-decreasing, has limsow(d) = @(0) = 0 and is such that it
quantitatively measures the uniform continuity of some (continuous) function
between metric spaces

n: (Vody) = (V,dp)

in the sense that, for any v,v € V,
dy (n(v),n(v)) < w(dy (v, 9)).

e See Section 2.4 in Chapter 2 for a situation where the maps b, o, f and h
satisfy all the regularity conditions required by Assumption 1.
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Now, choose a state domain
ICR

that is a non-empty open interval. For fixed ¢ € [0, T[, all the following stochastic
differential equations and corresponding (adapted) solutions are taken on

[t,T] x Q.

Definition 1.2.3 (Admissible state process). Fix t € [0,7] and u(-) € Z[t,T'.
For an arbitrary fixed initial state

zel

we call the state equation or controlled system (in the strong formulation) the
forward stochastic differential equation

{dX(s) = b(s, X(s),u(s))ds + o(s, X(s),u(s))dW(s),

X)) = o, (1.3)

(where s € [t,T]) and we call an admissible state process any solution X(-)
of (1.3) that belongs to
LE(t, T;R).

Remark 1.2.4. Regarding Definition 1.2.3, we point out the following.

e The equation (1.3) is a controlled forward stochastic differential equation
(FSDE) in Ito6 differential form, with finite deterministic horizon 7" and with
random coefficients that depend on the sample w € €2 only through u(-) and
X(+) itself, and it depends also on b, o, t, and x (as well as ).

e The term “strong formulation”, which henceforth we will not repeat, alludes
to the fact that the filtered space of probability (2, F,F,P) is fixed a priori
together with W and therefore must not be sought as part of the solution
of (1.3) (see, e.g., [45, Chap. 1, Sect. 6]).

e Suppose Assumption 1 holds, at least as regards b and o. Fix t € [0,7],
x €1, and u(+) € Z|[t,T]. Then there exists a unique solution

X() € LE(C([t, T];R))
of the FSDE (1.3) and its It6 integral form is given, for any s € [t, T, by

X(s)=x+ /tsb(r,X(r),u(r)) dr + /tsa(r,X(r),'u,(r)) dW (r). (1.4)

See, e.g., Proposition 1.2.1 below.
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Notation 1.2.2. We specify the dependence on the elements involved by
writing

X(o) = XM() = X (-5t m,u(-)).
Assumption 2. For t € [0,T[, u(:) € Z[t,T], x € I, s € [t,T], and P-a.s.,
Xtot(s) e I.

Remark 1.2.5. Under Assumption 2, the interval I may depend on T e.g., the
larger T is, the larger I may also be (however, in the worst case scenario, we
could always take I = R). Moreover, if we prefer, we can imagine that the
domain component in the variable x of the maps b, o, f and h is restricted
precisely to I in such a way that the (analogue of) Assumption 1 still holds.
See Section 2.4 in Chapter 2 for a situation where Assumption 2 is satisfied.

Definition 1.2.4 (Admissible recursive utility). For ¢ € [0,T], x € I and
u(+) € Z|[t,T], let X(-) be an admissible state process as in Definition 1.2.3. We
call a recursive (dis)utility system a backward stochastic differential equation

{dY(s;t) = —f(s,X(s),u(s),Y(s;t), Z(s;t);t)ds + Z(s;t)dW (s), (1.5)

Y(T;t) = h(X(T);t),

(where s € [t,T]) and we call an admissible recursive utility any process Y (-;t)
such that (Y (-;¢), Z(+;t)) is a pair solution of (1.5) that belongs to

Li(QC([t, T R)) x L3(t, T3 R).
Remark 1.2.6. Regarding Definition 1.2.4, we point out the following.

e The equation (1.5) is a backward stochastic differential equation (BSDE) in
Ito differential form, decoupled from the FSDE (1.3) of Definition 1.2.3 on
which it totally depends. Here, we have something much more general than
a stochastic differential (dis)utility (SDU) in its original meaning: that is,
essentially, a BSDE such as

{dE(s; t) = —F(s,u(s),Z(s;t);t)ds + O(s;t)dW (s),
(where & € L2(;R) and s € [t,T]). See, e.g., |8] and references therein.

e The term “disutility” anticipates the fact that there will be something to
be minimized (not maximized). This will be done in a more general sense

than the classic one: precisely, in the sense of subgame-perfect equilibrium
strategies.
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e Suppose Assumption 1 holds and fix ¢t € [0,T[, x € I, and u(+) € Z|t,T).
Then there exists a unique pair solution

(Y(+3t), Z(+51)) € LA C([, T R)) x Li(t, T3 R)
of the BSDE (1.5), whose It6 integral form is given, for any s € [t, T, by
Y(s;t) = h(X(T);

t)
+ flr, X(r),u(r),Y(r;t), Z(r;t);t)dr

- /TZ(r;t) AW (r). (1.6)

See Proposition 1.2.1 below and, for everything related to the fundamental
theory of BSDEs, see, e.g., [45, Chap. 7| and [17].

Notation 1.2.3. We specify the dependence on the elements involved by
writing

Y(;t) =Y""(-;t) =Y (-;t,2,u(-))

and
Z(-3t) =27 (- t) = Z(-:t,z, ul(-)).

Remark 1.2.7. Y (t;1) is a deterministic constant. Indeed, since x is a determin-
istic constant, X (7T') (see (1.4)) is measurable w.r.t. the completed o-algebra
Jir on (2 generated by the process

(W(s) — W(t))sep.11,

and therefore Y (¢;t) (see (1.6)) is simultaneously measurable w.r.t. the two
mutually independent o-algebras F; and F; 7 (an argument of this kind is
found in, e.g., [7]). Consequently,

EY(t;t) =

E[/t f(s, X(s),u(s),Y(s;t), Z(s;t);t)ds + h(X(T);t)
Y(t;1)

On the other hand, it is not possible to establish in general that Z(¢;¢) is a
deterministic constant.

Remark 1.2.8. We will prefer the notation X (-) to other possible notations
such as X (-;t), but we will retain the notations Y'(+;t) and Z(-;1).
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Definition 1.2.5 (Recursive stochastic control problem). Fix t € [0, T[, x € I
and u(-) € Z[t,T]. We call the recursive stochastic control problem the
combination of the two stochastic differential equations (1.3) and (1.5), i.e

b(s, X(s), u(s))ds + o (s, X(s), u(s))dW(s),

s;t) = —f(s, X(s),u(s),Y(s;t), Z(s;t);t)ds + Z(s; t)dW (s), (1.7)
X(t)==z, Y(T;t)=h(X(T);t),

QL
>~
—~ —~
V2]
S~—
||

(where s € [t,T]) and, if (X (-),Y(-;t), Z(- ;1)) is a solution of (1.7) that belongs
to

L34, T R) x L2(Q: ([t T R)) x L2(t, T5R),
then we call (w(+), X(+),Y(+;t), Z(-;t)) an admissible J-tuple.
Remark 1.2.9. The equation/system (1.7) is a controlled decoupled forward-
backward stochastic differential equation/system (FBSDE) in It6 differential

form and, of course, we could use Notations 1.2.2 and 1.2.3 for the respective
components of the corresponding solution.

Regarding the recursive stochastic control problem (1.7) of Definition 1.2.5,
the following standard result for existence, uniqueness, and regularity holds
(see, e.g., [28]).

Proposition 1.2.1. Suppose Assumption 1 holds and fixt € [0, T, z € I and
u(-) € Zt,T). Then there exists a unique solution

(X(+),Y(5t), Z(+;1)) € LA C([t, T R))* x L(t, T3 R)

of the FBSDE (1.7) and

Esup\X()|+Esup\Yst|+E/ | Z(s;t)|*ds

s€[t,T] s€[t,T]

Definition 1.2.6 (Utility functional). Suppose Assumption 1 holds, and
fix t € [0,7[ and z € I. For any u(-) € %]|t,T], consider the solution
(X(+),Y(+;t),Z(+;t)) of the FBSDE (1.7) as in Proposition 1.2.1. We call
(dis)utility or cost functional the functional J(-;t,x): %[t,T] — R given by

J(u();t,2) =Y (1) (1.8)

(see also Remark 1.2.7).
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Remark 1.2.10. The functional J(-;¢,x) in (1.8) is a real-valued generalized
Bolza-type functional and, for any w(-) € Z[t, T],

J(u(+);t, ) = E[/t f(s,X(s),u(s),Y(s;t), Z(s;t);t) ds + h(X(T); )|,

an expression in which the running or intertemporal utility and the terminal
utility are explicitly specified (see again Remark 1.2.7). In particular, the more
constant f is w.r.t. the variables y and z, the more we return to the classical
sphere of stochastic optimal control theory.

Definition 1.2.7 (Equilibrium policy). Suppose Assumptions 1 and 2 hold.
We call a (subgame-perfect) equilibrium policy associated with T, I, U, W and
b, o, f, h any measurable map

O: [0,7], x I, = U

such that, for any ¢t € [0,7] and = € I, there exists a unique I-valued It6
process

X(+) = X (1.9)
that is a solution of the FSDE

{dX(s) = b(s, X(s),II(s,X(s)))ds + o (s, X(s),II(s, X (s)))dW(s),
X(t) ==,

(where s € [t,T]) belonging to £2(t,T;R) and is such that if we denote, for
any s € [t,T] (and P-a.s.),

u(s) = TI(s, X (s)), (1.10)

then we have u(-) € Z[t,T] and, for any other u(-) € Z|[t, T},

foing 2@ C)it @) = (@)t )

>0 1.11
ni . >0, (1.11)

where, for € | 0, u(+) is the spike variation of w(+) w.r.t. u(-) and Ef given by
B = [t,t+ €] (1.12)
(see also Definition 1.2.2).

Remark 1.2.11. The liminf, |y in (1.11) will turn out to be an actual limit (see
Lemma 2.1.1 in Chapter 2).
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Notation 1.2.4. With respect to the notation of Definition 1.2.7, we specify
the dependence on the elements involved by writing

X() = X0000), Y (est) =Y "(5t), Z(e5t) = Z27(-3)
and

Xo(0) = XM (), YE(st) =Y PH(st), Z9(e5t) = 27705 )
(similarly to Notations 1.2.2 and 1.2.3).

Definition 1.2.8 (Equilibrium control/pair/4-tuple). With respect to the
notations of Definition 1.2.7 and Notation 1.2.4, we call:

u(-)

an (subgame-perfect) equilibrium control (or strategy),

(u(-), X(+))

an (subgame-perfect) equilibrium pair and

(@(+), X(+),Y(+31), Z(-51))
an (subgame-perfect) equilibrium 4-tuple.
Remark 1.2.12. Regarding Definitions 1.2.7 and 1.2.8, we point out the following.

e If u(-) as in (1.10) is an optimal control in the classical sense, i.e., u(-)
minimizes the objective functional J(-;t,z) over Z[t,T], then u(-) is also
an equilibrium control (the opposite cannot be true, in general).

e We could specify an equilibrium policy/control/pair/4-tuple to be strong in
cases in which the inequality in (1.11) is strong, i.e., narrow (adjusting the
entire sequel accordingly).

e In general, we cannot expect an equilibrium policy/control /pair /4-tuple to be
unique, even if it exists. It might therefore be an idea to select one uniquely
through a constraint (as in, e.g., Definition 1.2.9).

e If (w(+), X(+)) is an equilibrium pair, then, by (1.10),
u(t) = TI(t, )

which, by definition of IT, is a deterministic constant (vector in U).
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e The condition (1.11) can be rewritten as

Ye(t: _}7 .
lim inf (1) ;1)

>0 1.13
n . (1.13)

(see Definition 1.2.6 and Notation 1.2.4).

Definition 1.2.9 (State constraint). Fix other deterministic maps
f:00,T)s xRy x Uy xRy xR, x[0,T]; = R

and
h:R, x[0,T[; > R

such that the analogue of Assumption 1, with f in place of f and h in place
of h, holds, together with b and o. For ¢t € [0,T[ and = € I, choose a utility
domain

' cR

that is a non-empty closed interval and, for w(-) € Z[t,T], let X(-) be the
admissible state process as in Definition 1.2.3. Consider the admissible recursive
utility

Y(-3t) € LR C([t, T R))

corresponding to the recursive utility system

{dY(s;t) = —£(5, X(3) u(s). ¥ (s51), Z(s: i) ds + Z(s:)dW (o), ) |

Y (T:t) = h(X(T);1),
(where s € [t,T]) and the utility functional J(-;¢,2): Z[t,T] — R given by
J(u(+);t, ) =Y (t;1)

:E{/t f(s, X (s),u(s),Y(s;t), Z(s;t);t)ds + h(X(T);t)| (1.15)

(see Definition 1.2.4 and annexes). We call a (one-dimensional) state constraint
for (u(+), X(+)) the requirement

J(u(-);t,2) € Tiq, (1.16)
and, if this is fulfilled, we say that (w(-), X(+)) satisfies the state constraint.

Remark 1.2.13. Regarding Definition 1.2.9, we point out the following.



1.3 Preliminary results 13

e The constraint (1.16) is imposed on the utility functional J(-;¢,z) and not
directly on the state process X(-). The slight terminological abuse consisting
in naming (1.16) as done above is inspired by [45, Chap. 3, Sect. 6].

e The state constraint (1.16) concerns (u(+), X(+)) and not the whole 4-tuple
(u()7X<>7Y( ;t)7Z(';t))'

e The use of bold type in the notation is preferred because what we will see
would work even in the case of a non-empty closed and convex subset I'y ,, of
a multidimensional Fuclidean space (see Chapter 3).

The two stochastic control problems that we will deal with, for which it is
essentially a matter of obtaining a (Pontryagin) mazimum principle, can be
stated as follows (see Definitions 1.2.8 and 1.2.9).

Problem 1 (unconstrained). Find necessary and sufficient conditions for an
equilibrium 4-tuple.

Problem 2 (constrained). Find necessary conditions for an equilibrium pair
that satisfies the state constraint.

Remark 1.2.14. Having thus established definitions, assumptions and purposes,
we want to rigorously emphasize that our “generalized” optimization problem
(Problem 1) results generally affected by time-inconsistency exactly because
of the shape of the recursive utility Y (-;¢) (see Definition 1.2.4)—and so
of the utility functional J(-;t,x) (see Definition 1.2.6)—which indeed we
interpret financially as having a structure of non-exponential time discounting
and, therefore, a not constant (psychological) discount rate. That fact, on the
other hand, explains why (subgame-perfect) equilibrium controls/strategies are
considered (Definitions 1.2.7 and Definition 1.2.8). For all this, we also refer to
the portfolio management problem of Section 2.4 in Chapter 2.

1.3 Preliminary results

We recall a standard estimate for BSDEs that is decisive in [22] (on which
we rely) and that can be found in, e.g., [5]. Its meaning is essentially the
continuous dependence of the pair solution on the assigned data. We will use it
directly in Lemma 1.3.3 below (which we will need in Chapter 3).

Lemma 1.3.1. Take measurable maps p € |1, 00[, &, € LE(4R), and

FF:[0,T]y xR, xR, x Q, x [0,T[; = R
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that are s-P-uniformly Lipschitz w.r.1. (y,2) such that, for any y,z € R,
F(-,y,2z;t) and F(-,y,z;t) are R-valued (Fs)sc,r -progressively measurable
processes with F'(+,0,0;t), F(, 0,0;t) € LE(t,T;R). Consider the BSDEs with
parameters (—F, &) and (—F,ét) respectively, i.e.,

{dE(s;t) = —F(s,2(s;t),0(s;t);t)ds + O(s;t)dW (s),
(

= T, t) = gt;
and o R A
—F(s,E(s;t),0(s;t); t)ds + O(s; ) dW (s),
E T t)
(where s € [t,T]). Then there exists a constant K, € )0, 00[ such that

&-&|
ds> .

e The constant K, depends also on ¢, T', and the Llpschltz constants, but
neither on &(-), gt( ), Z(+;1), O(+;t) nor on _(. 1), O(- 1),

. » T . 9 \P/2
E sup E(s;t)—E(s;t)’ —|—E</ ‘O(s;t)—O(s;t)’ ds) <K,E
t

se(t,T]
T
(]
t

Remark 1.3.1. Regarding Lemma 1.3.1, we point out the following.

F(s,2(s;t),O(s;t); ) — F(s,2(s;t), O(s; t); 1)

e The main result underlying the whole theory of BSDEs is the classic rep-
resentation theorem of integrable square continuous martingales, and thus
it is crucial that the reference filtration remains the completed filtration F
generated by W.

e The two exponentiations to powers p/2 and p concern the two deterministic
integrals (the expected values of which we then calculate), and not just the
respective integral functions (which are absolute values of differences). See
also Remark 1.1.2.

Definition 1.3.1 (metric d on Z[t,T]). Let d be defined, for any u(-), u(-) €
%1t T], by

d(u(-),a()) = (meP)[{(s,w) € [t, T] x Q | u(s,w) # u(s,w)}]
T (1.17)
= E/t ﬂ{u(.)7éﬁ(.)}(8,W)dS.

Remark 1.3.2. Regarding Definition 1.3.1, we point out the following.
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e For any u(-),u(-) € Z|t,T1,

d(u(-),u(-)) <T —t.

e We are taking the quotient space of % [t, T] w.r.t. the following equivalence
relation ~: for any u(-),u(-) € Z|[t,T), u(-) ~ u(-) if and only if

d(u(-),u(-)) =0

(a relation that is weaker, and therefore more restrictive, than that of indis-
tinguishability).

The following result is essentially Lemma 6.4 in [45, Chap. 3, Sect. 6]. See
also Remark 1.2.1.

Lemma 1.3.2. Suppose that U is bounded. Then (% [t,T],d) is a complete
metric space.

Now, under Assumption 1, let us go back to consider the utility functionals
J as in Definition 1.2.6 (see (1.8)) and J as in Definition 1.2.9 (see (1.15)), to
prove the following continuity property.

Lemma 1.3.3. Suppose that U is bounded and that Assumption 1 holds, and
fixt € [0, T and x € I. Then the two utility functionals

J(st,x), J(-5t,x): 2Z[t, T] - R

are continuous w.r.t. the metric d.

Proof. Tt is enough to prove the claim for J(-;t,z). Fix u(-),u(:) € Z|t,T]
and consider the corresponding admissible 4-tuples (u(-), X(+),Y(+;t), Z(-;1))
and (w(+), X(+),Y(+;t), Z(-;t)) (see Definition 1.2.5 and annexes).
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Problem formulation

So, by Lemma 1.3.1 and Jensen’s inequality (also in its discrete version)
| J(u();t, x) — J(ﬁ(-);t,x)}p
= ‘Y(t;t) - Y(t;t)‘p
SE[R(X(T);8) - h(X(T);1)
T
B ([ |16 X u, ¥ (si0). 2055050
t

- (5, X (99, (550), 25500 s )
<E (X(T) _ X(T)‘er E(/T(‘X(s) — X(s)
,SE(X(T) X +E/ ‘X

SE sup [X(5) = X +d(u(). ()

p

+Ju(s) — ﬁ(s)\)ds)p

/ u(s) — du(s)[Pds

(in particular, (Y(-:t), Z(+:t)) and (Y(-;t), Z(-;t)) have disappeared), where
we have also used the boundedness of U for the term with |u(-)

) —a(-)[" once
we have noted that

/ lu(s) — a(s)|’ds = / Liu(yza()y (s, w)|u(s) —a(s)["ds
(see (1.17) of Definition 1.3.1). Our claim now is that

E sup ‘X(s) — X(s) "
s€(t,T]

< E/t u(s) — d(s)[Pds (1.18)

(< d(u(-),u(-)) again, and so on), which allows us to conclude the proof
Indeed, for any s € [t,T],

mw%k[

b(r, X (1), w(r)) = b(r, X (7). a(r)) | dr

+

/tS(U(T,X(T),U(T)) —o(r, X(r),a(r)))dW (r)
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(see (1.4)), from which, in a similar way to the above,

p

b(r, X (r), w(r)) — b(r, X (r), a(r))| dr

X=X s [

p

+

/ts(a(r, X(r),u(r)) — J(T,X(T), '&(r)))dW(r)

Therefore, for any 7 € [t, T|, by the classical Burkholder—-Davis—-Gundy inequal-
ity (with temporal variables in [t, 7] and with exponentiation r = p/2) and
Jensen’s inequality (since p > 2),

B sup X(s) = X(s)|"
< E/t br, X (1), u(r)) = b(r, X (), a(r))| dr

+ 8 sup | [ (o0 X0),u(r) oo XG0, ) ()|
<E /t b, X (), ur)) — b(r, X(r), ()| dr

+E </tf(a(r, X(r), u(r)) = o(r, X(r), 1}J(T)))Qaha>p/z

SE/<

t

,SE/
t

< / E sup

t SE[t,r]

and thus, by Gronwall’s inequality (in its integral form) applied to the continuous
function

p

b(r, X (r),u(r)) = b(r, X (r),a(r))

+ IO(T,X(T>,U(T>> — a(r,f((r),zl(r))

p) dr

X(r)— X(r)‘pdr + E/tT|u(r) —a(r)[Pdr

X(s) — X(s)‘pdr +E /tT|'u,(r) —a(r)Pdr

p

~

X(s) = X(s)

7 — E sup
SE[t,T]

(on [t,T]), we get

E sup | X(s) — X(s)‘p < E/tT|u(r) —a(r)Pdr,

s€[t,7]

hence what we wanted, namely, (1.18), by choosing 7 = T ]
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Remark 1.3.3. Regarding this proof of Lemma 1.3.3, we could have done the
calculations by using

p=2
(and explicitly that, for a;,ay € R, (a1 + a)” < 2(a? + a2)). Furthermore, we
can see that
Y(t:t) = Y (t:1)
N
a(s) 2 u(-) = o
X(T) =— X(T)
(see (1.18)).

We conclude the current chapter with a brief discussion of the classic
comparison theorem for BSDEs, which, in the context of linearity, boils down
to a simple observation, Remark 1.3.4 below, which will be important for our
discussion, especially because what we will call adjoint equations will be linear
BSDEs. See, e.g., [17], where it is also possible to extrapolate the following
starting result.

Proposition 1.3.1. Fiz ¢t € [0,T]. Take
Bl v(+5t) € L£(L T R)
and n(+;t) such that
{dn(S; t) =n(s;t)[Bs;t)ds +y(s;t)dW (s)],
n(t;t) =1,
(where s € [t,T]) i.e., explicitly,

sy =exof [ [s0in) - @] i+ [rnavi

Then, for any a(-;t) € LE(t,T;R) and & € L2(S;R), there erists a unique
pair solution
(2(-5),0(+;1)) € LR C([t, T R)) x LE(¢, T R)
of the BSDE
{dE(s; t) = —[als;t) + B(s; 1) E(s;t) +v(s;8)O0(s; )] ds + O(s; t)dW (s),
(

= T7 t) - Sta
(1.19)
(where s € [t,T]) and the process Z(-;t) is the conditional expectation given by,
for any s € [t,T] (and P-a.s.),

S(s:t) = (s B[n(Ti06+ [ alrst)alrit)dr

]—"s] . (1.20)
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Remark 1.3.4. Regarding Proposition 1.3.1, we point out the following.

e Since n(-;t) > 0, it follows from (1.20) that

{Zt(zf) So = 2(-1t) >0 (1.21)

(and similarly with < everywhere), and, moreover, the narrow inequality for
Z(+;t) holds even if only one of the two other inequalities is narrow: e.g.,

§e >0 =(..
{a(-;t)zo = =(+5t) > 0.

e In general, for 7 € [s,T],

n(r;t)yn~ " (s;t) #n(r;s)

(owing to the dependence on t of §(-;t) and ~(-;t)), and therefore we can
expect that, as processes,
fS]

(in which the latter term differs from Z(s;s) through the dependence on t of
a(-;t) and &).

=(s;1) £ E n(T;s>st+/ n(r; s)a(r;t) dr







Chapter 2

Unconstrained problem: necessary
and sufficient conditions

In this chapter, we solve Problem 1 by adapting the calculations of |22]
appropriately. In particular, heuristics relating to the shape of the adjoint
equations/processes and their respective generalized Hamiltonian functions are
not provided. We suppose that Assumptions 1 and 2 hold, and we fix (¢ € [0, 77,
x € I and) an admissible 4-tuple

(ﬁ()7X<>7Y( ;t),Z(-;t))

(see Definition 1.2.5) that we see as a candidate equilibrium 4-tuple (see
Definitions 1.2.7 and 1.2.8).

2.1 A maximum principle

Notation 2.1.1. For any map ¢(s, z, u) between b(s, z,u), o(s,z,u) and their
derivatives up to second order, and for s € [t,T] (and P-a.s.), we write

p(s) = (s, X(s), u(s))
and, for u(-) € Z|[t,T),
0p(s) = (s, X(s),u(s)) — @(s),

while similarly, for any map ¢(s, z,u,y, z;t) between f(s,x,u,y, z;t) and its
derivatives up to second order, and for s € [t,T]| (and P-a.s.), we write

p(sit) = (s, X(s),a(s),Y(s5t), Z(s:1); 1)

Regarding the following, let us keep in mind Notation 2.1.1.

21
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Definition 2.1.1 (x(-;t)). Associated with (@(-), X(+),Y(+;t), Z(+;t)), we
define the process k(- ;t) as the solution of the linear FSDE

t) a
{ K(sit) = K(s; ) [fy(s;t)ds + f.(s;8)dW (s)], 2.1)
(t:) = 1,

(where s € [t,T7).

Remark 2.1.1. The process k(- ;t) in (2.1) is strictly positive and can be inter-
preted as a change of numeéraire relative to the (dis)utility and corresponding

to the coefficients f,(+;t) and f.(-;1).

Definition 2.1.2 (Adjoint equation/process of first order). We call the adjoint
equation of first order associated with (u(+), X (+),Y (+;t), Z(-;t)) the linear

BSDE

{dp(é’; t) = —g(s,p(s;t),q(s;t);t)ds + q(s;t)dW (s),
p(T;t) = he(X(T);),

(where s € [t,T] and) where the map

(2.2)

g:10,T]s xR, xR, x [0, T = R

is given, for s € [t,T] (and P-a.s.), by

9(s,p,q;t) = [ba(s) + fo(s;t)aa(s) + fy(s;t)]p
+ [0a(s) + fo(si0)]q + fulsit). (2.3)

(the dependence on w €Qis implic_it). We call adjoint process of first order
associated with (u(+), X(+),Y (+;t), Z(-;t)) any process
p(-5t)
such that (p(+;t),q(+;t)) is a pair solution of (2.2) that belongs to
Li(QC([t, T R)) x LE(t, T; R).

Remark 2.1.2. The process p(-;t), or the independent variable p of ¢ in (2.3)
are not to be confused with the summability exponent p (see Definition 1.2.1),
especially because we might want the latter to take the fixed value p = 2.

Definition 2.1.3 (Adjoint equation/process of second orfier). We call the
adjoint equation of second order associated with (w(+), X (+),Y (+;t), Z(-;t)) the
linear BSDE

{dP(S;t) = —G(s, P(s;1),Q(s;t);t)ds + Q(s;1)dW (s),

P(T;t) = heo(X(T); 1), (2.4)
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(where s € [t,T] and) where the map
G:[0,T)s x Rp x Rg x [0,T[; = R
is given, for s € [t,T] (and P-a.s.), by
G(s,P,Q;t) = [2b,(s) + 0.(s)*+ 2f.(s; )00 (s) + f,(s;0)]P
+ [204(5) + fo(s:8)]Q + bau(s)p(s3 1) + 00a(s) [ f2(550)p(s5 1) + q(s3t)]
+ (L, p(s5), 02(s)p(s3 1) + q(s;t))
-D?f(s;1)
(Lp(s31), 0u(o)p(s:1) + a(s:1) . (2.5)

(the dependence on w €Q is_implicit_). We call adjoint process of second order
associated with (u(+), X(+),Y (+;t), Z(-;t)) any process

P(-51)
such that (P(-;t),Q(+;t)) is a pair solution of (2.4) that belongs to
Li(QC([t, T R)) x LE(t, T; R).

For the adjoint equations (2.2) and (2.4) of Definitions 2.1.2 and 2.1.3,
respectively, the following result regarding existence, uniqueness, and regularity

holds (see [22]).

Proposition 2.1.1. There exist unique pair solutions (p(+;t),q(+;t)) of (2.2)
and (P(+;t),Q(+;t)) of (2.4) such that, for any k € [1, o],

T k
E sup \p(s;t)]%—i- |P(S;t)\2k} + E(/ [\Q(s;t)F—i- ]Q(s;t)ﬂ ds) < 00.
s€t,T) t

Remark 2.1.3. p(t;t) and P(t;t) are deterministic constants (for similar reasons
to those given in Remark 1.2.7), while it is not possible to say the same in
general about ¢(t;t) and Q(t;t).

Definition 2.1.4 (Generalized Hamiltonian function of first order). We call
the generalized Hamiltonian (function) of first order associated with b, o, f the
map

H:[0,T]s x Ry x Uy x Ry xR, x R, x Ry x [0,T]; x Iz x Ug = R
given by
H(s,x,u,y,2,p,q;t,Z,u) = pb(s,z,u) + qo(s,z,u)
+ f(s,x,u,y,z + plo(s,z,u) — o(s,z,u);t). (2.6)
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Definition 2.1.5 (Generalized Hamiltonian function of second order). We call
the generalized Hamiltonian (function) of second order associated with b, o, f
the map

H:[0,T]s xRy x Uy xRy xR, xR, x Ry x Rp X [0,T[; X Iz x Ug = R
given by

H(S7 x? u7 y7 Z7p7 Q7 P; t? j? a) i H(87 ./L.’ u7 y? z7p7 q; t? i‘? a)
+ 3Po(s, z,u) —o(s,z, @)’ (2.7)
Notation 2.1.2. With respect to (@(-), X(-),Y(-;t), Z(+;t)) and the corre-

sponding adjoint processes p(-;t) and P(-;t) as in Definitions 2.1.2 and 2.1.3
respectively, and for s € [¢,T] (and P-a.s.), we write

H(s;t)
=H(s,X(s),u(s),Y(s;1), Z(s;t),p(s; 1), q(s:1), P(s;t); ¢, X (s), u(s))

and, for u € U,

IH(s;t,u)
= H(s, X(s),u, Y (s:1), Z(s;t),p(s:t),q(s:1), P(s:t);t, X(s), u(s)) — H(s;t)

Regarding the following, let us keep in mind Notation 2.1.2.

Remark 2.1.4. For s € [t,T] and u € U, H(s;t) and dH(s;t,u) belong to
LY(©;R) and, moreover,

SH(s:t,a(s)) = 0. (2.8)

The key result is the following lemma, which we will prove in Section 2.2.

Lemma 2.1.1. Fiz u(-) € Z|[t,T]. For ¢ € 10,T —t[ and s € [t,T], let
Ef = Ei; be given by

B - {[s,s +e|, ifs<T, (2.9)

T —e,T], ifs=T,

and let u(+) be the spike variation of u(+) w.r.t. w(-) and Ef. Then, for any
s € [t,T], the liminf. o as in (1.11) is an actual limit and takes the form

tim g (@ C)it2) = J(a()it @)
el0 e

= E[x(s;t)0H(s; t,u(s))]. (2.10)
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Remark 2.1.5. As we will understand shortly, instead of (2.9), we could take,
among other possibilities,

B [s,s+¢[, ifs<T,
YT =eT), ifs=T.

Corollary 2.1.1 (Sufficient conditions). Suppose there exists a measurable
map II: [0,T] x I — U such that, for any s € [t,T] (and P-a.s.),

a(s) = TI(s, X (s)) (2.11)

and suppose that, for any u € U (and P-a.s.),
OH(t;t,u) > 0. (2.12)
Then II is an equilibrium policy, i.e.,
(w(-), X(+), Y (+51), Z(+31))
18 an equilibrium 4-tuple.
Proof. By (2.10) of Lemma 2.1.1, with Ef as in (1.12), that is,
s =1,

the inequality (1.11) holds (see also Definition 2.1.1). O

Remark 2.1.6. Regarding Corollary 2.1.1, we point out that, if Z(¢;t) and
q(t;t) are deterministic constants, then the condition (2.12) is equivalent to
TI(t,z) € argmin H(t, x,w, Y (t;t), Z(t;1), p(t;t), q(t; 1), P(t;t);t, 2, TI(L, )

uelU
(2.13)
because, by (2.11),
II(t, z) = u(t).

We are finally ready to present the first of our main results (see also
Corollary 2.1.1 and Remark 2.1.6).

Theorem 2.1.1 (Maximum principle). Suppose there exists a measurable map
IT: [0,T] x I — U such that, for any s € [t,T] (and P-a.s.),

u(s) = TI(s, X (s)).

Then the following three conditions are equivalent.
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1. II is an equilibrium policy, i.e., (w(+), X (+), Y (+;t), Z(-:t)) is an equilibrium
4-tuple.

2. For anyuw € U (and P-a.s.),
OH(t;t,u) > 0.

3. If Z(t;t) and q(t;t) are deterministic constants, then

(t,x) € argmin H(t, x,w, Y (t;t), Z(t;1), p(t; 1), q(t; 1), P(t;t);t, 2, TI(t, x)).

ueclU

Proof. In light of what we saw in Corollary 2.1.1 and Remark 2.1.6, we just
need to show that
1= 2

(necessary conditions, we would now say). To this end suppose, by contradiction,
that there exist t* € [0,T[, w* € U, and N € F with P[N] > 0, such that

IH( " u") <0
on V. Then any u(+) € Z[t*,T] such that, P-a.s.,
w(t) = {ﬁ(t*) on Q\ N,
u on N
(e.g., the trivial one) satisfies
SH(t™ 1" u(t™)) = OH(t"; t", uw") Ly
(see also (2.8)), and therefore, since P[N] > 0,
E[6H(t*;t",u(t))] <0,
which is a contradiction (see also (2.10)). O

Under appropriate assumptions on our coefficients, we can replace H with
H in Theorem 2.1.1 thus obtaining the following result, which will be used in
Section 2.4. Let us keep in mind also Definition 2.1.3.

Corollary 2.1.2. Suppose there ezists a measurable map IL: [0,T] x I — U
such that, for any s € [t,T] (and P-a.s.),

u(s) = TI(s, X(s))

and suppose that Z(t;t) and q(t;t) are deterministic constants. If h(-;t) is
conver and G(+,0,0;t) > 0, then the following two conditions are equivalent.
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1. I is an equilibrium policy, i.e., (w(+), X (), Y (+;t), Z(+;t)) is an equilibrium
4-tuple.
2. I(t,x) € argmin, ey H(t,z,w,Y (1), Z(t;1),p(t; ), q(t; 1); t, 2, T(t, x)).

Proof. This is a direct consequence of Theorem 2.1.1: indeed, comparing ((2.4)
and) (2.5) of Definition 2.1.3 with (1.19) of Proposition 1.3.1 (Section 1.3 of
Chapter 1), we deduce that
P(-;t) >0
by (1.21) of Remark 1.3.4 (where & = h,.(X(T);t), o(-;t) = G(-,0,0;t) and
E(+;t) = P(-;t)) and so the term of H that depends on it, namely,
1Pt t)[o(t, z,u) — o(t, 7, u(t)))?

is superfluous in calculating the minimum (as in (2.13)). O

2.2 A proof of Lemma 2.1.1

We start from the following notational convention, borrowed from [22], with
regard to which there should be no misunderstandings in this section.

Notation 2.2.1. For e | 0 and A°(-;¢) = (A°(s;t))seppr) € L3(¢, T;R) (possibly
a random variable), if, for any k € [1, 00|,

B( [ T\AE(s;tnds)% — 010(e%),

A(+5t) = ozp0(e).
Fix u(-) € Z[t,T]. For ¢ € ]0,T —t[ and s € [t,T], let Ef = E;, be as

in (2.9) (see Lemma 2.1.1) and let @w®(+) be the spike variation of w () w.r.t.
u(+) and Ef. Consider the usual approximate variational systems/processes of
first and second order of the state process X (+) w.r.t. the control perturbation
us(-): i.e., respectively,

dX5(s;t) = by(s)X5(s;t)ds + [04(5) X{(s5t) + 0o (s)Lg: (s)]dW (s),

Xi(t;t) =0,

then we simply write

and
dX5(s;t) = [by(s)X5(s5t) 4 0b(s) Lz (8) + S bsa(s) X5 (s; t)Q]ds
+ [02(s)X5(s;t) + 60,(s) X5 (558) Lz (s)
§ () Xi (53 2] W (s),
X5(t;t) =0,
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(where s € [t,T]). The following result is Theorem 4.4 in [45, Chap. 3, Sect. 4]
about “Taylor expansions.”

Lemma 2.2.1. For any k € [1,00],

sup E“Xg(s) — X(s)‘zk] = O(c‘k),

s€[t,T]
sup B[|X5(s; )] = O("),
s€[t,T]
sup EDXE(S) — X(s) — Xf(s;t)|2k} =0(e™),

s€[t,T]

sup B|X3(s:0)[*] = 0(*),

s€[t,T]

st]E“Xs(s) ~ X(s) = Xi(s:) = X5(5:0)["] = 0.30(c™)
seft,T

(see Notation 1.2.4). Furthermore,
h(X(T);t) = M(X(T);t) = ho( X(T); 8) [ X5 (T3 1) + X5(T; t)]
- %hxx(X(T);t)Xf(T;t)Q = 0.0(c) (2.14)
(see Notation 2.2.1).

Remark 2.2.1. Regarding Lemma 2.2.1, we point out that (2.14) can be rewritten
as

YE(T58) = V(T3t) = 00(e) + p(T5 ) [X5 (T3 ) + X5(T3 )] + 3 P(T; ) X5 (T 1)

(see Definitions 1.2.4, 2.1.2, and 2.1.3).
What we need to properly estimate is, for ¢ | 0,

YE(t;t) — Y(t;1)
(see (1.13) in Remark 1.2.12), while, in the sense of Lemma 2.2.1, we know
something useful only about

YE(T;t) - Y(T;t)

(see Remark 2.2.1). Therefore, the idea is to reconstruct information by going
back from this term by means of appropriate BSDEs (using the adjoint processes
as in Definitions 2.1.2 and 2.1.3).

We recall below a basic calculation we use, namely, [td integration by parts
for a regular product.
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Remark 2.2.2. Take a(«;t),0(;t),A\(+;1), A(+;1),0(+;1t),A(+;t) € LZ(t, T;R)
such that, on [t,T] x Q,

Then d(A\(+;t),A(+;1))(s) = I(s;t)O(s;t)ds and
dA(5 A1) (s) = A(s; 0)dA(s;t) + dA(s50)A(s5t) + d(A(+58), A(+51))(s)
= [A(s;0)A(s;t) + als; t)A(s; ) + I(s; 1)O(s; t)] ds
[A(s:)O(s3t) + D(s5t)A(s 1) | dIW (s)

(on [t,T] x Q). Consequently,
d(N(-;1))(s) = 2[A(s; t)A(s; t) + 3©%(s;t)]ds + 20(s; ) A(s; £)dW (s)
and
E[A(s;t)A(s;t)] — E[A(; A ¢)]

:E{ZLMmWMmﬂ+MnﬂMmﬂ+ﬁ&@@wﬁﬂm}

Grouping w.r.t. Igs(+), X5(-;t), X5(-5t), X7(- ;t)2 and X{(+;t)1gs(+) (on
[t,T] x §2), we have

A(p(-5O[XT(56) + X505 0] + LP(-50X5(-50)°) (5)
= {pls:090(5) + s 08015) + P(s30)615) 1 )
+ [p(s;8)ba(s) + q(s;t)au(s) — gls,p(s;), q(s;0); )] [ X5 (s38) + X5(s;1)]
+§p@tw o(5) + q(5:8)02a(5) + 2P (s:1)bu(s) + 2Q(5 )0 (s)
+ P(si)a(s)” — Gls, P(s;1), Qs:):)| X (5:1)°

+ [q(s; t)00,(s) + P(s;t)o.(s)00(s) + Q(s; t)da(s)}Xf(s; t)]lEts(s)}ds

_|_
+ 3 [p(s:1)000(s) + 2P(s:1)0,(s) + Q(s:4)| X (s:1)°
+

[
[p(s; t)do.(s) + P(s; t)5a(s)} XT(s5t)1gs(s) } dW (s)
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(see also Notation 2.1.1 and Remark 2.2.2). In particular, the maps g and G do
not appear in the W-term.

For the sake of brevity, we denote, for any s € [t, T},

Ai(s5t) = p(s;1)db(s) + q(s; )50 (s) + 3 P(s;1)(60(s))’,
Ap(s3t) = p(s;t)ba(s) + q(s;t)ow(s) — g(s,p(s;t), q(s;); 1),
As(s;t) = p(s;1)bsa(s) + q(s;t)00a(s) + 2P(s38)bs(s) + 2Q(s;1)04(s)
+P(s31)0,(s)" = G(s, P(s;1), Q(s:); 1),

Ay(s;t) = q(s;t)d0,(s) + P(s;t)o.(s)do(s) + Q(s;t)do(s),
O1(s;t) == p(s;t)oa(s) + q(s; 1),

Os(s;t) == p(s;t)022(8) + 2P(s;t)0,.(s) + Q(s; 1),

O3(s;t) = p(s;t)do.(s) + P(s;t)do(s)

(p(s;t)do(s) is already short enough). We focus here on the coefficients of 1g¢ ().

Remark 2.2.3. Ay(+;t)X{(+;t)1ge(+) = 0c40(g), which does not hold true for
O3(+;t) (see [22]).

Putting it all together, for any s € [t, T,
T
V(i) = MO0 + [ F0 X0 (), Y (0, 2730 )
T

—/s Z5(r;t) dW (r)

= (X (T);t) + 0cy0(2) + p(s5 ) [X5(s5) + X5(s58)] + LP(s;) X (s;1)
+/ST[f(r,XE('r),us(r),YE(r;t),Zg(r;t);t)+A1(r;t)]lEts(7*)
+ Ag(rs ) [XE(rit) + X5(r )] + LAs(ri ) XE(rs tﬂ dr
- /ST [2(11) = (plr: )60 (r) e (r) + 1) [XE (3 ) + X5(r:1)]
305075 ) XF(r 1)+ Os(rs ) X (r; D g (1)) | AW (),

The key idea is to be able to narrow our analysis to the integral in dr. So, if
we denote, for € | 0,

YE(e5t) =Y(+5t) — (p(- O [XT(-t) + X5(-50)] + 2P(- 3 6) X5 (- ;t)2>
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and
Z2(-58) = 2°(58) = (pl+1)00 () Lgs (+) + ©a (5 ) [ X5 (+50) + X5 (+51)]
+105(- ) XG(+3)” + Os(- D)X (-3 6) Lz ()
(on [t,T] x Q), then we can write, for any s € [t, T],
Ye(s;t) = h(X(T);t) + 0.50(c)
+ [ [0 X 0w 0o 30, 27 :0) + Al 10
+ Ag(r ) [X5(rit) + X5 (rs )] + 3 As(ri ) X5 (r;8)? | dr
- /TZE(r;t) AW (r).
For € | 0, we define an approximate variational pair process of first order of

(Y(-5t), Z(+:1)) as .
Yi(e5t) =Y (-5t) =Y (-51)

and
Z5(+5t) = Z°(+ 1) — Z(+3t)

(on [t,T] x ), and we then get that, for any s € [t, T,
Yi(s;t) = o0z50(e) +/ [f(r, Xe(r),u(r),Ye(r;t), Z°(r;t); t)
- f(T,X(T),ﬂ(T‘),Y(T;t), Z<T;t);t) + Al(r;t)ﬂEf(r>
+ Ay(r;t) [Xf(r;t) + Xg(r;t)] + %Ag(r;t)Xf(T;t)z dr
- / iy dw(),

Remark 2.2.4. For ©(-;t) € LZ(t,T;R), e} 0 and r € [t,T),

flr, X(r), a(r), Y (rit), Z(r;t);t)
= fr, X (r),a(r), Y (r;t), Z(r;t) + O(r;t) Lgg (r); t)
+ [f(r, X(r),a(r),Y (r;t), Z(r;t);t)

— fr, X(r),u(r),Y(r;t), Z(r;t) + @(r;t);t)}]lgta(r).
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Finally, for € | 0, let (AY*®(-;t),AZ%(-;t)) be such that AY*(T;t) = 0,
and, for any s € [t, T,

AY*(s;t) = / {fy(r;t)AYE(T’;t) + f(r; ) AZE(r;t)
+ [p(r5)66(r) + (3 )30 () + L P(r58) (30 (1)’
+ f(r, X(r),w(r), Y (rit), Z(r;t) + p(r;t)oo(r); 1)

— f(r, X(r),u(r),Y(r;t), Z(T;t);t)]]lEts(T)}dT

- /TAZS(r;t) W (r)

(again, AY<(¢;t) is a deterministic constant). The following result is essentially
Theorem 1 in [22].

Lemma 2.2.2 (Hu (2017)). W.r.t. Notation 2.2.1,
YEC 1) = AYE(31) = og0e),
Z7(+5t) = AZE(+5t) = 0-10(e).
As a remarkable corollary of Lemma 2.2.2, we get

YE(t;t) — Y(t;t) = AY*(t;1) + 0-p0(e) (2.15)

(as well as Z°(t;t) = Z(t;t) + AZ=(t;t) + p(t;t)do(t) + 0-10(e)). Furthermore,
if k(-;¢) is the change of numéraire defined through (2.1) of Definition 2.1.1,
then, for any s € [t,T],

d(R(+ 1), AY*(-:1))(s) = w(s;0) fu(s: ) AZ7(s; t)ds,

and hence

AYe(t;t) = E [/t k(r;t) [p(r; t)ob(r) + q(r;t)oo(r) + %P(r; 15)((50(7"))2

+ f(r, X (r),u(r), Y (r;t), Z(r;t) + p(r;t)do(r); t)

- f(r,X(r),ﬁ(r),}_/(r;t),Z(T;t);t)}ILEts(r) dr]. (2.16)
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In conclusion, for any s € [t,T], by (2.15) and (2.16), and by the classic
Lebesgue differentiation theorem,

limigg L@ Cite) = J@)te) . AYE(tt)
el0 € el0 €

=E [/@(s; t)OH (s;t, U(S))}

(see Definitions 2.1.4 and 2.1.5 and Notation 2.1.2) as it was our aim to prove.

Remark 2.2.5. k(t;t) could have been defined, in (2.1), as a constant > 0 not
necessarily equal to 1.

Remark 2.2.6. We highlight the key difference with respect to the classical
maximum principle, summarizing now in a few words what has just been seen
technically (for completeness, see also Remark 1.2.14). The utility functional
J(-;t,x2) must be optimized in the (“weak”) sense of equilibrium policies and,
in particular, through the usual spike variation technique; so, on the one hand,
a treatment similar to that initially formulated in [45, Chap. 3, Sect. 4] is set.
On the other hand, J(-;¢,z) has a precise (“strong”) structure that derives
from a recursive utility system which is a BSDE; therefore, to complete the
calculations, the powerful techniques in [22] are taken up ad hoc.

2.3 Multidimensional case

Fix d,k,m € N*and let W = (W (t))co,r] be a d-dimensional Brownian
motion, or Wiener process, on (2, F,P): for any ¢ € [0, T],

W(t) = (Wi(t),... W) € RE

The state domain becomes a non-empty open pluri-interval

I CR*
and the independent variables change as follows: 2 = (z1,...,2;)" € R¥
y=(y1,...,Ym)" € R™and
z= [21,...,zm]T: [Zl,...,zd] e Rmxd
where, fort=1,...,m,
zi = (i1, -y 2id) € R!*d

and, for j =1,...,d, '
2 = (21, .,zm’j)T e R™
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The coefficients, with the consequent regularity (see Assumption 1), change as

follows:
b: [0,T]s x RE x U, — R¥,

with b(+) = (ba(+), ..., bx(-))T € R
o:[0,T]s x RE x U, — R4

with

where, fori=1,...,k,
oi(+) = (051(+),...,05a(+)) € R*
and, for j =1,...,d,
o7(+) = (015(+),- - ony(+)" € RS
F10,T)s X RE X Uy x R x R [0, T[, — R™,
with f(+;t) = (fi(+;t),..., fin(+:t))T € R™ and
h: RF x [0, T[, = R™

with A(+;t) = (hi(+5t),. .., hpm(+;1))T € R™
The state equation (1.3) becomes

{dX(s) = b(s, X(s),u(s))ds + Z?Zl ol (s, X (s),u(s))dW;(s),
X(t) ==,

(where s € [t,T]) and the recursive (dis)utility system (1.5) becomes

{dY(s;t) = —f(s,X(s),u(s),Y(s;t), Z(s;t);t)ds + Z;lzl ZI(s;t)dW(s),
Y(T;t) = h(X(T);1),

(where s € [t,T]). Regarding the (dis)utility or cost functional as in (1.8), take
v: Ry < [0,T]; — R
of (differentiability) class C! w.r.t. the variable y € R™ and set
J(u(-)it,z) = (Y (1))
Now, for any (¢ € [0, T, x € I and) admissible 4-tuple

(@(+), X(+), Y (+5t), Z(-31))
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the equation (2.2) becomes the multidimensional adjoint equation of first order
associated with (u(+), X(-),Y(+;t), Z(+;t)) determined, for i = 1,...,m, by

dpi(s;t) = —gi(s,p(s;t), q(s;t);t)ds + Y 7_, ¢! (s;6)dW;(s),
P(T;t) = Dy hy(X(T); 1),

(where s € [t,T] and) where:
p(-;t) = [p'(+3t),...,p"(+;t)] € RP™
with, for any i = 1., m, pi(+3) = (pra(-i8),- ., pral-58))T € RE

q(+5t) = [q"(-31), ..., q(+;t)] € RUExmIxd

(5t =[qdd(-50),. .. gl (- 1)] € R
and, fori =1,...,m,
¢ (-5t) = (af,(+50), - gl (-51)T € RY
fort=1,...,m, the map
gi: [0,T]s x REXm 5 Rxmxd o 1o [, — R

is given as in [22]. Similarly, the equation (2.4) becomes the multidimensional
adjoint equation of second order associated with (w(-), X (-),Y (+;t), Z(-;1))
determined, for : = 1,...,m, by

{dP%s;t) = —Gils, P(s31), Q(s; 1); t)ds + 7, Q] (s 1) AW (s),
PT;t) = Dag hs(X(T); 1),
(where s € [t,T] and) where:
P(-;t) = [PY(+5t),..., P™(-;1)] € RExm
with, for any i = 1,...,m, P'(+:t) = [Pri(+:t),..., Pei(+: )] € R¥,
Q1) = [Q'(+51),...,Q(+; )] € REHm=

where, for j =1,...,d,

Q'(+5t) = [QI(-51),..., Q1 (+:1)] € RF*m
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and, forz=1,...,m,
. . . T 2
QI(51) = [QLi(+:0) . QL(+5D)] € RY,
fort=1,...,m, the map

Gi: [0,T], x RE*™ x RG™ 5 [0, T[, — RY

is given as in [22]. ) ) )
Next, the process x(-;t) € R™ associated with (w(-), X (-),Y (%), Z(+;1))
becomes the solution of

{m;ﬂ = (D, f(5:1)) w(s:t)ds + Y0, (D f(5:1)) w(s:8)dWi(s),
k(t;t) = Dyy(Y (851); 1),

(where s € [t, T]) while the generalized Hamiltonian (function) of first order (2.6)
associated with b, o, f becomes

H:[0,T], x RE x Uy x RV x RIOx RE™ x R [0, T, x I x Ug — R™
given by
H(S,ZL’,’U,,y, Z7p7q;t7f7ﬁ’) = pr(S,[L’,U) + Z;’lzl(qj)-ro-j(swrau)
+ f(srrauayaz —}—pT[O'(S’,I‘,’U,) - O-(S"fvﬂ’)]?t)

where
q= [ql, o ’qd} c Rkxm)xd

where, for j =1,...,d,

and, fori =1,...,m,

g = (qf,iv e aqzj;,i)T e R*
and the generalized Hamiltonian (function) of second order (2.7) associated
with b, o, f becomes

H:
[0, T]s X RE X U, x RIS RI* b RE*mo R REDM [0 T, x I x Uy — R™

given by

H(s,z,u,y,2,p,q,P;t,Z,u) = H(s,z,u,y,2,p,¢;t,%,0)

+13°0 [07(s, 2, u) — 09 (s, 7,)]T PT[07(s, z,u) — 07(s, 7, @)
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according to the following notation: for y =1,...,d,
(07 (s, 2,u) — (s, z,u)]" P"[0?(s,z,u) — 0’(s,7,u)] € R™
having, for ¢ = 1,...,m, i-th component given by
(07 (s, 2,u) — (s, z,u)]" (P)" [0 (s, 2,u) — 0'(s, T, )]

where

P=[P',... P"] e RFX™
with, forany i = 1,...,m, P =[P4, ..., PM]TE R*. Regarding Notation 2.1.2,

H(s;1)
= 7_[(37)?(3)?@(3)7?(5;75)7 2(33t)vp(s;t)aQ(53t)7P<S§t);taX(s>7a(5))

and, for u € U,

OH(s;t,u)
=H(s, X(s),u,Y(s:t), Z(s;1), p(s; 1), q(s; 1), P(s; 1) t, X (s), u(s)) — Hs:t).

Finally, for € | 0, let (AY®(+;t), AZ*(+;t)) be with values in R™ x R™*4
and AY#(T;t) = 0 such that, for any s € [t, T7,

AY<(s;t) = /T{Dyf(r;t)AYe(r;t) + 30 D frit) AZE(rst)
+ [p(r; )T ob(r) + Z?Zlqj (r;t)T 607 (r)
+ 5225607 (r) T P(r; 1) 607 (r)
+ f(r, X(r),u(r),Y (r;t), Z(r;t) + p(r; t)T(Sa(r);t)

— f(r, X(r),u(r), Y (r;t), Z(T;t);t)]ILEte(r)}dr

-3 [ Az awyo)

(for j=1,...,d, AZ:(-;t) € R™ is the j-th column of AZ*(-;t)). Then, as in
the one-dimensional case, it could be shown that

J@(+);t,x) — J(u(+);t,z) = (Dyfy(?(t;t);t))TAYg(t;t) + 0:40(€)
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(in R) and that, here,

(D (7 es0): ) & (es0) = B [ [o(rse) a0t

t

+ X @ (3 8)7607 (r) + 5 325, (007 (1) T P(ri )T 007 ()

j=1

(rit) +p(r;t) o (r);t)
— fr, X (r), a(r), Y (r;t), Z(r;t); t)]IlEts(r) dr] .

Therefore, Lemma 2.1.1 changes as follows.

Lemma 2.3.1. Fiz u(-) € %|[t,T]. For e € |10,T —t[ and s € [t,T], let
Ef = Ei; be given by

and let u(+) be the spike variation of u(+) w.r.t. w(-) and Ef. Then, for any
s € [t,T], the liminf. |y as in (1.11) is an actual limit and takes the form

limui)nf J(@s(+):t, x) E— J(@(+):t, x)

= E[/{(s;t)T(SH(S; t, u(s))]

Consequently, Theorem 2.1.1 changes as follows (and the proof is essentially
the same).

Theorem 2.3.1 (Maximum principle). Suppose there exists a measurable map
IT: [0,T] x I — U such that, for any s € [t,T] (and P-a.s.),

u(s) = I(s, X(s)).
Then the following three conditions are equivalent.

1. T is an equilibrium policy, i.e., (w(+), X (+),Y (~;t), Z(+;t)) is an equilibrium
4-tuple.

2. For anyuw € U (and P-a.s.),
(Dyy (Y (t;8); ) 6H(E; £, 1) > 0.
3. If Z(t;t) and q(t;t) are deterministic constants, then
II(t, x) € arg mUin (Dyy(Y (¢;1); t))T-
ue

CHE Y (E51), Z(t; 1), p(t; 1), q(t; t), P(t;t);t, o, TI(E, ).
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2.4 Application to portfolio management (I)

Starting from the financial market model, set r(+) = r € |0, oo as a constant
risk-free interest rate on [0,7] and let Sy = (So(5))scpo,r be the value of a
(deterministic) savings account, or bond, which accrues interest at the rate r
(with Sp(0) € ]0, 0o exogenously specified): i.e., for s € [0, T,

dSo(s) =1rSp(s)ds,

i.e., So(s) = So(0)e™. Let S = (S(s))sejo,r) be the price of a risky asset, or
stock, that follows a geometric Brownian motion in dimension d = 1 (with
S(0) € ]0, oo[ exogenously specified): i.e., for s € [0, 7],

dS(s) = S(s)[ods + odW (s)],

i.e., explicitly,
S(s) = S(0) exp{(g —02)s + O—W(s)},

where o € ]r, 00 is the mean rate of return by the stock and o € ]0, 00 is
the volatility of the price (both of which are constant scalars). We denote the
excess return, on average, by investment in the stock as

hi=p0—r.
For this, as well as for the following discussion, see, e.g., [14] and [13].

Remark 2.4.1. The above market is assumed to be complete (there are no
sources of randomness other than the stock).

A decision-maker within this market, or agent for short, is assumed to invest
her /his wealth X (+) in the stock and the bond and to consume continuously over
time (on [0, 7). So, for s € [0, 77, let ((s) be the proportion of current wealth
X (s) invested in the stock at time s (with a sign) and let ¢(s) be the proportion
of X(s) consumed at time s. Then n = 2, the control domain becomes

U=[-1,1]¢ x [0,1],
and any admissible control u(-) € Z[t,T] is a portfolio strategy that can be

written as
u(+) = (¢(+),e(+))

(see Definition 1.2.1) and which we refer to as the investment-consumption
policy.

Remark 2.4.2. For s € [0,T], 1 — ((s) coincides with the proportion of X (s)
invested in the bond.
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We accept as true the usual self-financing condition, namely, that the
variation in wealth over time is due exclusively to profits and losses from
investing in the stock and from consumption (there is no cashflow coming in or
out), and we consider investment-consumption policies in feedback form:

(€()e(+)) = (€, X (), e+, X(+)))- (2.17)

We assume that the agent derives utility, from intertemporal consumption
c(+)X(+) and final wealth X (T'), which she/he tries to optimize by minimizing
in a sense a discounted expectation involving (dis)utility functions. Therefore,
let v(+) and 0(-) be two scalar functions of a real variable that satisfy the
classical Uzawa-Inada conditions (utility functions, in fact): i.e.,

v: [0, 00[ — [0, 00|

is of class C? and strictly increasing such that, for any x € 0, 0o[, v"(z) < 0
(thus, v(+) is strictly convex on |0, oo[), with v(0) = 0 and lim, o v'(z) = oo,
lim 100 v'(x) = 0 (and the same for 0(-)).

Remark 2.4.3. The marginal disutility function v': [0, c0[ — |0, 00| is of class
C' and bijective outside the origin, and has an inverse function

(v")71: 10, 0o = 10, o0

that is continuous and strictly decreasing with again lim,(v")~!(z) = oo,
lim 100 (v") 1 (z) = 0; in particular, (—v')~'(+) is a positive function with
domain |—o0, 0] (and the same for o/(+)).

Notation 2.4.1. We write
T = (—v)"

Furthermore, for fixed t € [0, T, let A(-;t) and A(-;t) be two discount
functions on [¢,T]: i.e.,
h(' ;t): [t>T] - ]07 OO[

with A(t;t) = 1 and ftTﬁ(s;t) ds < oo (and the same for f(-;t)).

Remark 2.4.4. If hA(-;t) is differentiable, then the corresponding (psychological)
discount rate

= (-;t)/h(-;1)

Le., the rate of return used to discount future cashflows back to their present
value, can be considered to be a monotonic function (and the same for A(-;t)).
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Example 2.4.1. Regarding v(-), we could take A\ € ]0, 1[ and, for x € [0, oo,
v(z) = vx(z) = 2 /A

thus obtaining a constant relative risk aversion equal to 1 — A = —xv”(x) /v (z)
(and similarly for ©(+)). Regarding A(-;t), we could take a common discount
function A(-) on [0,T — t[ and, for s € [t, T,

h(s;t) == h(s —1t),
where, for instance, associated with K € |0, 00[, we could imagine that, for
T€[0,T—t,

h(T) = hg(T) = . —i—lKT‘

and then have to deal with hyperbolic discounting and non-constant discount
rate (and similarly for A(-;t)).

Remark 2.4.5. A non-exponential discount mechanism such as the one in
Example 2.4.1 is hopelessly time-inconsistent, meaning that, given a cashflow
C(-) on |0,7T] whose utility through v(+) must be actualized, the following
hypothetical graph becomes inconsistent for any triplet 0 <t <s <7 <T"

(T = t)u(C(7)) ¢ v(C(7))

Choosing k = m = 1, as the state domain
I =10, 00,
a fixed t € [0, T, positive processes

B(;t),7(+5t) € LE(t, T; R),
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x €I and (¢(+),c(+)) € Z][t,T], we consider the recursive stochastic control
problem to be as follows:

dX (s) = X(s)[(r 4+ p¢(s) — c(s))ds + a((s)dW (s)],

0Y (551) = —B(s; ) [~u(e()X (5)) — Bs: )Y (5:1) — (s:0) Z(s:8)]ds
+ Z(s;t)dW (s),

X(t) =z, Y(T;t)=—h(T;t)o(X(T)),

(where s € [t,T]), bearing in mind (2.17) (see Definition 1.2.5). See, e.g., [17].
Remark 2.4.6. By virtue of Remark 1.3.4, also fundamental in the short term,
Y(-;t) <0

(P-a.s.).

It is quite simple to verify that the sufficient conditions of Theorem 2.1.1,
or rather of Corollary 2.1.2, can be expressed as follows.

Theorem 2.4.1. Suppose there exists a measurable map
IT = (I}, I15): [0,T)s x |0, 00[, — [—1,1] x [0, 1]

of class C? w.r.t. the variable x with bounded first and second derivatives, even
if multiplied by the identity function, and assume that if, for anyt € [0,T[ and
x €1, X(+) is the solution of the FSDE

{dX(s) — X(s) [(7’ + pILy (s, X(s)) — (s, X(5))) ds + o 1L (s, X(s))dW(s)] ,
X(t) =z,

(where s € [t,T]) then there exists a pair solution (p(-;t),q(-;t)) of the BSDE

(p(T5t) = (Tt

=
—
<l
3
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(where s € [t,T]) such that, for any s € [t, T,
(1= o7y(s; )] p(s;t) + oq(s;t) =0,
p(s;t) = —h(s; 1) (a(s, X (s)) X (s))-
Then II is an equilibrium policy having, in particular,

T(p(t;t))'

T

Hg(t, J]) =

Remark 2.4.7. Generalization to the case of multiple stocks would basically be
a matter of formalization.






Chapter 3

Constrained problem: necessary
conditions

In this chapter, we solve Problem 2 by adapting the computations of [45,
Chap. 3, Sect. 6. We suppose that Assumptions 1 and 2 hold, and we fix
tel0,T[and z € I.

3.1 A maximum principle

We present the second of our main results, referring particularly to Defini-
tion 1.2.9 and annexes (see also Definitions 2.1.2, 2.1.3, 2.1.4, and 2.1.5 and
Notation 2.1.2).

Theorem 3.1.1 (Maximum principle). Suppose that U is bounded. Let
(w(+), X(+),Y(+31), Z(+31))

be an equilibrium 4-tuple such that (a(-), X(+)) satisfies the state constraint,
1.€.,

J(u(-);t,z) =Y (t;t) € Ty
Then there exist two multipliers ¢, 1 € [—1, 1] with
P rpi=1 (3.1)
such that the following two conditions hold.
1. (Transversality condition) For any v € T'y ,,

plo—J(u(-);t,z)] <O0. (3.2)

45
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2.

Let (p(+5t),q(+5t)), (P(+;1),Q(+;1)), H(+3t), 6H(-;t,-) correspond to the
4-tuple
4-tuple

Then, for any w € U (and P-a.s.),
YOH(t;t,uw) + P dH(t;t,u) > 0. (3.3)

Remark 3.1.1. Regarding Theorem 3.1.1, we point out the following.

The condition (3.1) leads to the fact that ¢ and % cannot both be zero.
When ¢ # 0 (i.e., |¢| < 1), we could say that the qualification condition is
satisfied.

The condition (3.2) means that, for any v € Iy, ¥ and v — J(u(-);t, x)
have opposite signs. Therefore, if ¥ # 0 (i.e., [¢)| < 1), the following two
cases occur:

min Iy ., if ¥ <0,

Ju();t,x) =
(@) ) {maXI‘t,w, if ¢ > 0.

If || =1 (i.e., ¥ = 0), then the condition (3.3) coincides with the necessary
condition part of Theorem 2.1.1. To be precise, if 1 = —1, then, for any
u € U (and P-a.s.),

OH(t;t,u) =0,

i.e., the liminf, o in (1.11) is zero (see also Lemma 2.1.1).

3.2 A proof of Theorem 3.1.1

We recall below two preliminary results that we use: the first, Lemma 3.2.1,

is Corollary 6.3 in [45] and is essentially Ekeland’s variational principle (see
also [9]); the second, Lemma 3.2.2, is the one-dimensional version of Lemma 6.5
in [45] and deals with the distance function to a subset of R.

Lemma 3.2.1. Let (V,d) be a complete metric space and F:V — R be a
lower-semicontinuous map, w.r.t. the metric d, which is bounded from below.
Then, for each of those o € |0,00[ and v € V' with

o
F(v) < inf F(v) + o,

there exists v, € V' such that the following three conditions hold.
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1. F(v,) < F(v).

2. d(v,v,) < /0.
3. For anyv €V,
F(v) — F(8,) > — /5 d(v,5,). (3.4)

Lemma 3.2.2. LetT' C R be a non-empty closed interval and dr be the distance
function to the set T, i.e., the map dr: R, — [0, 00][ given, for any v € R, by

dr(v) = inf |v — o|. (3.5)

el
Then dr satisfies the following three properties.

1. The inf in (3.5) is a min, and dr is a conver and 1-Lipschitz continuous
function on R with

dz'(0) =T. (3.6)

2. For any v € R, the subgradient of dr at v, i.e., the non-empty subset of R
given by

ddr(v) = {u e R ‘ Vo eR, dp(d) > dr(v) + (6 — v)} (3.7)
18 such that

{1y, ifv>maxT
vED = odelv) = {{—1}, if v <minT. (3:8)

3. The square function d3 is of class C' on R with first derivative given, for
any v € R, by

0, ifverl,
(df(v)) =< 2dr(v),  ifv>maxT, (3.9)
—2dr(v), ifv <minT.

d

dv

Remark 3.2.1. We can frame what described in Lemma 3.2.2, especially in its
multidimensional version, within the concept of Clarke’s generalized gradient of
a scalar function, defined on a region of R? which is locally Lipschitz continuous.
In this regard, see [36] and Lemma 2.3 in [45, Chap. 3, Sect. 2|.
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Notation 3.2.1. In light of (3.8), for any v € R\ I', we identify the set Odr(v)
with its unique element, i.e., 1 or —1 (a sign). Therefore, in light of (3.6)
and (3.9), we simply write

d

7o (A2 () = 2dr(+)9dr(-). (3.10)

Remark 3.2.2. As a consequence of Lemma 3.2.2, we emphasize that, for any
v € R and any sequence (v.). in R with v. — v as € | 0, it holds true that

B3(v2) — 2 (v) = [2dr(0)9de () + 0240(1)] (v — )
or also, by continuity,
dp(ve) — di(v) = [2dF(U6)adF(U6) + 56¢0(1)} (v- — )

for appropriate infinitesimals (see Notation 3.2.1).

Coming to Theorem 3.1.1, suppose that U is bounded and, without loss of
generality, that
J(u(+);t,z) =0 (3.11)

(see (1.11)). Consider the metric d on % [t,T] defined through (1.17) of Defini-
tion 1.3.1, whereby
(%[t,T],d)

is a complete metric space (Lemma 1.3.2), and the utility functionals
J(ost,x), J(+;t,x): %[, T) — R,

which are continuous w.r.t. the metric d (Lemma 1.3.3). For any fixed ¢ | 0,
we define the penalty functional, associated with Problem 2, as the functional
Jo(+5t,x): U[t, T] — [0, 00[ given by

Ju()stw) = {(Ju()ta) + 0P + i (it} L (312)

where dr, , is the distance function to the set I'y ,, as in (3.5) of Lemma 3.2.2.
Then it is simple to realize that J,(-; ¢, z) satisfies the following three properties.

e J,(+;t,x) is continuous w.r.t. the metric d.

e For u(-) = u(-),
Jo(u(-);t,x) =0 (3.13)

(see (3.11) and (3.6) of Lemma 3.2.2). In particular,

() < i Y ]
JaC)ita) < nf T (u()iha) + o
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e For any u(-) € Z|[t,T],

Lo J(u(-);t,x) = —o,
Jo(u()it,z) =0 <= { (it.2) € To (3.14)

~
S

(see (3.6) of Lemma 3.2.2).

Remark 3.2.3. If J(-;t,z) > 0, i.e., u(+) is a classical minimum point for
J(+;t,x) (see (3.11)), then J,(-;t,z) > o > 0 (otherwise, we absolutely cannot
rely on the possibility of such an inequality).

Therefore, by Lemma 3.2.1 it follows that there exists
w,(+) € Z[t,T)
such that the following three conditions hold.
L Jy(u,(+);t,x) < p.
2. d(u(:),u,(+)) < /0. Therefore, as o | 0,
,(+) 5 al-). (3.15)
3. For any v(-) € Z|t, T,
Jo(v(+)it, ) = Jo(ue(+ )it ) = — /o d(v(-), wy(+)). (3.16)
Fix u(-) € Zt,T]. For € €0,T — t[, let Ef be as in (1.12), i.e.,
E; =[t,t + €]
and let u®(-) be the spike variation of w(+) w.r.t. u(-) and Ef. Then, since
{@() # @)} € B < Q,

we have that

d(ug(+), we(+)) < ¢ (3.17)
(see (1.17)). Therefore, as € | 0,
ws(+) = w,(-). (3.18)

Consequently, from (3.17) and (3.16), with v(-) = u5(+), we get

VB < Tt x) — Tylay(-)it, @), (3.19)
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Given the definition of J,(-;t, ) (see (3.12)) and the possibility that (3.14)
holds (J(+;t,x) can assume negative values), we divide the proof into two cases

(unlike what is proposed in [45]).
Case I: For p | 0, J,(u,(+):t,x) # 0 (i.e., > 0). We can rewrite (3.19) as

_\/E6 < ‘]Q({I’Z(.);tam) - J@(ﬁg(')§t>$)

d,, (J(@g(-);t, ) — dy, , (J(@,(-); t, )
Jg(ﬁZ(')§tvx) + Jo(t,(+);t, @)

by using also the definition (3.12) of J,(+;¢,x) (and that, for a;,as € R with

a1+ az # 0, ay — ay = (af — a3) /(a1 + az)). Now, there exist 95,15 € R with

(J(@5(-);t,x) + 0)° = (J(wy(+);t, ) + 0)°
Jg(agg(');t»37) + J@(ﬁ@(')§tax)

and

df, . (J(@5(-);t, 7)) — dp, (T (@e(+); t, 7))
JQ("_”Z('); t,x) + J@(ﬂ@(')§ta )

= g [J(ug(-)it,2) — T (u,(-)it, )], (3.22)

and they are respectively

(3.23)

and

dr, . (J(u,(+); t,2))0dr, . (J (wy(-):t @)
c— e = 1 3.24
v T ) rot® (2
for appropriate infinitesimals (see also Notation 3.2.1).
Indeed, by continuity of J(-;¢,x), J(+;t, ) and J,(+;t, ) w.r.t. the metric
d, together with (3.18), we have

J(ug(+)it, @) = J(@g(+)it,x) + 0fjp(1)
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and
To(@g(+);t,x) = Jo(@e(+); t,2) + 05 (1),
while, by Remark 3.2.2,
dy, , (J(@y(+);t,2)) — dg, , (J(@,(+);t,2)) =

2, , (F(,(+); 1, 7)) Oy, , (T (8y(-); 1,)

0% (D] [T (@ ()it 2) = T(@g(-);t, )]

(for appropriate infinitesimals). Therefore, regarding (3.21),

(J(@(+);t,2) + 0)* = (J(@,(+); t,2) + 0)*
= [J(@(-);t, ) + J(w,(+); t, ) + 20] [J(@5(+)s t, x) — J(@(+)s 8, )]
and, from above,
J(@g(-)it, @) + J(wo(-)it, w) + 20 2J(w,(+);1, ) + 20+ 0(1)
Jo(ug(-)it,x) + Jo(u(-);t, x) 2J(1o(+);t, ) + Os¢0<1)

_ J@,()ta)to,
= ity )

(which leads to (3.23)), while, regarding (3.22),

2dr, , (J(u,(+);t,2))0dr, , (J(w,(+);t, ) + gw( )
Jo(us(+)it, x) + Jp(y(+); L, )

_ 2dry, (J (@ ()51, 2))Odr, o (J (ty(+); 1, 2)) + 024 (1)
2J,(@,(-):t,2) + 05 (1)

_ dra ()i, 2) Ar, (T (it )
- T ()it x) + o)

(which leads to (3.24)).

For both 7 and %7, the numerator of the fraction dependent on o that
characterizes them, unless it is infinitesimal for € | 0, could have a negative
sign (see (3.23) and (3.24)). Nevertheless, with squares,

() + (95)* = 1+ of(1)
(see (3.12)).
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Therefore, for boundedness as € | 0 (in R), there exist 1,1, € R with

(1%)2 + ("/)9)2 =1

and two subsequences, still denoted by (7). and (15)_, such that, as e | 0,

Ve = Ve (3.25)
g = Py,
indeed J(ay(-):t,2) +
_ Jwe(-)itz) + o
Yo = To(,():t, 7) (3.26)
and

S0, again, there exist ¥, 19 € R with

PP4ap®=1

and two subsequences, still denoted by (¢,), and (1,),, such that, as ¢ | 0,
% Y

Vo ¥ (3.28)
Py = .

In particular, ¢, ¢ € [—1,1], and we get (3.1). Instead, regarding (3.2), we
have, for any v € I'y 5, that

1#2 [@ - J(ﬁg(')Stax)}

(T (Be(+)it,2)) Odry o (J (e(+)s 8, 2)) [0 = T (uy(+); 8, )] 50
a Jo(ty(+); t, ) " eJ,O(l)

(see (3.24)), where, even if J(u,(+);t,z) ¢ Tt .

< drt,a:(17> - dl—‘t,m(J<'ﬁ’Q<');tvx)) - —dpt’w(J(ﬁg(°);t,$)) <0

(the first inequality above derives from that of (3.7), where v = J(u,(+);t,)).
Therefore, in any case,

P, [0 — T (u,y(+):t,7)] < 62(1)
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and, by this, together with (3.25) and (3.28), sending first £ | 0 and then ¢ | 0,

Y, [0 — J(ty(+);t, )] <0,

and hence (3.2), as we wanted (see also (3.15)).
Continuing from (3.20) through (3.21) and (3.22), we can write

— Voe <y [J(ui(-)it @) — J(ug(-):t, x)]
e [T ) — () )] (3.29)

Let (po(«3t),qo(+31)), (Po(+51),Qp(+31)), Hol(+3t), 0H,(+;t,-) correspond to
the 4-tuple
(ag(')axg(')ayg(' ;t>7ZQ<';t))
, Mol

and (po(+;1),qo(+31)), (Pol+31), Qo+ 51)), Hyo(+51), 0H,(+3t,-) correspond to
the 4-tuple

(ﬁg(')an(')71fg(';t)7Zg(';t))
(see Definitions 2.1.2, 2.1.3, 2.1.4, and 2.1.5 and Notation 2.1.2). Then, by
Lemma 2.1.1,

J(@g(-)it @) — J(w,(-)it,x) _ E|

lir?ui)nf z 5Hg(t;tau(t))}a
hrg%)nf J(ai?(');tax) ; J(ag('>;t7$> _ E[(S?'Lg(t,t,U(t))},

and these are actual limits (this will be crucial here). Therefore, by (3.29)
and (3.25),

—v0 SE[U0H,(t5t,ult)) + P, 0H,(t5 ¢, u(t))],
and finally, by (3.15) and (3.28),
E[¢oH(t;t, u(t)) + P dH(t;t, u(t))] > 0.

It is now simple to deduce (3.3), for any w € U (and P-a.s.), with exactly the
same procedure by contradiction that we used in the proof of Theorem 2.1.1.
Case II: For infinitely many o | 0, J,(u,(+);t,z) =0, i.e.,

J(ﬂg('>§t7$> = 0
J(uy(+);t,z) € Ty p
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(see (3.14)). As we have seen above, the key point is to find two sequences (),
and (7). in R, bounded as € | 0, such that, as in (3.20)/(3.29),

< g [J(ag ()it w) = J(wg(+)st, )]

by [J(ag(+)st,x) — J(w,(-);t, )] (3.30)
= 5 [J(u5(+);t, ) + o]

g [Tt w) — Tt )],

Let us analyze this situation by dividing it, in turn, into two further sub-
cases w.r.t. the fact that

J(u,(+);t,z) € Ty p.
Sub-case I of Case II: For infinitely many (of such) o | 0,
J(u,(+);t,z) € int(Tyz).
Then, corresponding to these values of p | 0, we have also that, as ¢ | 0,
J(uy(-);t,z) € int(T'yz)
(see (3.18)), and so, for such parameters,
Jo(w ()it ) = |J(w(+);t,x) + 0|,

since int(Ty ;) C Ty, (see (3.12)). Therefore, to get (3.1), (3.2), and (3.30), we
can simply take
Wy = sgu(J(uy(+);t, ) + o)

and

$; =0,
from which, in the limit, [¢)| = 1 and ¢ = 0 (for v € R, |v| = sgn(v)v or, also,
sgn(v)|v| = v).

Sub-case II of Case II: For infinitely many such o | 0, except at most a
finite number, J(@,(+);t, ) € Ty, and, at the same time, as € | 0,

J(uy(-)it, ) € Teo

(otherwise, we could proceed as just seen unless we pass to subsequences).
Then, corresponding to these values of p | 0 and ¢ | 0,

JQ(TTLZ(');t,SC) # 0
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(i.e., > 0) and, by (3.12) and equivalently to (3.20) (since J,(u,(+);t,xz) = 0),

(J(u(-)it, ) +0)°  dp,  (J(@5(+);t, )
Jo(us(+);t, x) Jo(us(+);t, x)

o

Jo(wg(+);t, ) =

4

Again, aiming for (3.30), we look for Vg, ¥, € R such that, separately,

(J(a5(-);t,7) + 0)°
Jo(ug(+);t, x)

< v [J(ug(-);t, @) + o] (3.31)

and

dr, , (J(u5(-);t, 7))
Jo(ug(+);t, @)

Regarding (3.31), we simply take

o J@gl)ita) +o
¢ Jplug(e)itw)

while, regarding (3.32), since
dl—‘t,m('](’aZ('); t J])) < adrt,w (J(’&Z(% L, I)) [J(ﬁ;()’ t JI) - J<ﬁ’9<'); t 'T)]
(see (3.7)), we take

e (T (a5(-); t2)9dr, o (T (w5(): 1, 2))
To(ws ()it @) |

and we are done: indeed, on the one hand, regarding (3.1),
g+ (a5)? =1

(remember also (3.8)); on the other hand, regarding (3.2), we start from the
fact that, for any v € I't 4,

W

where

Odr, , (J (t5(+); t,2)) [0 — J(wg(+);t,2)] <0,

[ 4

and so we conclude in a perfectly analogous way to what was done in Case |
(see also (3.18) and (3.15)).
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Remark 3.2.4. Here, we could have made any choice of the type

. Jista) o,
Ve Tty el

and
dr,, (J(u5(+);t,2))0dr, , (J(uy(-);t, )

Jo(ug(+);t,x)

for appropriate infinitesimals not identically zero such that respectively

0Zo(1) [J(ug(+)it, @) + 0] >0

Y, = +0f,(1)

and

ol (D [J(@g(+)st, ) — J(@y(+)st, )] = 0
(see (3.31) and (3.32)).
Remark 3.2.5. If the following possible assumption of local uniqueness type for
the equilibrium 4-tuple (w(+), X(+), Y (-;t), Z(+;t)) holds, where (u(-), X(+))
satisfies the state constraint, then Case II of the above proof does not occur

(as if we were dealing with a classical minimum point w(-) for J(-;¢,x)). See
also the second bullet point in Remark 1.2.12.

\_/

Assumption. There exists § > 0 such that, for any a(-) = @;(- %[ ,T] with
J(u(-);t,x) € I'yp and d(u(-),a(-)) < 9, if J(u(-);t,r) < 050(1) (for an
appropriate infinitesimal), then w(-) = u(-).

Indeed, we could take ¢ € ]0,6%[ and @(-) = u,(+) (remember also (3.11)).

3.3 Unbounded control domain

Regarding the case where U is not necessarily bounded, we were inspired
by the techniques in, e.g., [39] and [41] to obtain the following corollary of
Theorem 3.1.1.

Corollary 3.3.1 (Maximum principle). Let (w(+), X (), Y (-;t), Z(:t)) be an
equilibrium 4-tuple such that (u(-), X (+)) satisfies the state constraint, i.e.,

J(@(-)it,x) =Y (t;1) € Ty,
and suppose that
u(+) € LF(t, T;R").

Then there exist 1,1 € [—1,1] with ¢¥*+ 1* = 1 such that the following two
conditions hold.



3.3 Unbounded control domain b7

1. For any v € Ty 4, %[0 — J(u(-);t,z)] <0.

2. Let (p(-3t),q(-3t)), (P(+51),Q(-3¢), H(-5t), OH(-;t,-) correspond to the
4-tuple

—~
T
~—
~—
L
“:*
~
£
—~
-
]
~—
%)
S
3
&
=
S
3
ISH
o~
S
~
>
9y

and (p(-;t),q(-:t)), (P(-;t),Q(:
4-tuple

Then, for any w € U (and P-a.s.),
WOH(t;t,w) + P oH(t;t,u) > 0.
Proof. We denote by € the subset of (2 consisting of w € € for which the
process u(-) is well defined (P[Q2] = 1). For (s,w) € [t,T] x Q2 and j € N, set
Uj(s,w) ={u e U||ul <l|a(s,w) +7}.

(that is, the intersection of U and the closed sphere in R" of center the origin
and of radius |u(s,w)| + 7). We point out the following.

e For any (s,w) € [t,T] x Q, u(s,w) € Uy(s,w).

e For any (s,w) € [t,T] x Q and j € N, U;(s,w) C Uj11(s,w).

)
e For any (s,w) € [t,T] x Q, Ui, Uj(s,w) = U.
For j € N; set
[t T) = {u(-) € LE(E,T;R") |V (s,w) € [t,T] x Q, u(s,w) € Uj(s,w) } .
We point out the following.
o u(-) € %Ult,T].
e Forany j € N, %[t,T| C %1t,T).
o Uity %lt, T) = 2 1t,T).
Fix j € N. For any u(+) € %;[t, T], we have that, for any (s,w) € [t,T] x Q,
(s, W) < fla(-)]le + -

In particular, each element of %;[t,T| assumes values in the intersection of U
and the closed sphere in R™ of center the origin and of radius [|@(+)|s + 7,
which we denote with

U;.
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Therefore, U; takes the place of a bounded control domain (subset of U) and
so, by virtue of Theorem 3.1.1 where % [t,T] is replaced by %;[t,T] (since
u(-) € %;[t,T)), we can assert that there exist 1;, ¥; € [—1,1] with 2 44p7=1
such that the following two conditions hold.

1. For any v € I'y o, 9; [77 - J(ﬁ(-);t,x)] <0.

2. Let (p(+5t),q(+5t)), (P(+;t),Q(+;t)), H(+;t), 0H(+;t,-) correspond to the

4-tuple B B
(w(-), X(+), Y (-51), Z(-:1))

and (p(+;t),q(+;1t)), (P(+;1),Q(+;t)), H(-;t), 0H(-;t,-) correspond to the
4-tuple
(ﬁ’<')aX(')7Y(';t)7Z(';t))‘

Then, for any u € U; (and P-a.s.),

(The maps H(-;t) and H(-;t), defined also on U, are restricted w.r.t. the
variable u to a subset of U itself). Now the thesis follows easily by taking
convergent subsequences of (¢;); and (tp;); (since J;2, U; = U). O

3.4 Application to portfolio management (II)

Continuing from Section 2.4, we also take another utility function ©(-),
two other discount functions k(- ;t), (- ;t) on [t,T] and B(-;t) € LF(¢,T;R)
positive. Hence, as a recursive utility system of type (1.14), we propose

dY (s;t) = h(s;t)B(s;t)Y (s;t)ds + Z(s;t)dW (s),
Y (T;t) = —A(T; t)o(X(T)),
(where s € [t,T]). An economic justification for such a system may be that,

under suitable assumptions, the state constraint associated with this BSDE
through the utility domain I'y o, i.e.,

(see Definition 1.2.9) becomes a risk/acceptability constraint: that is, the

additional recursive utility Y (-;¢) derives from an appropriate dynamic risk

measure defined by means of a g-expectation (see, among others, [37]).
Therefore, Theorem 3.1.1 becomes the following (see Chapter 3).
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Theorem 3.4.1. Let (({(+),¢(+)), X(-), Y (-;t), Z(-;t)) be an equilibrium 4-tuple
such that B B

J((C(+).e(+));t,x) =Y (t;t) € Do
Then there exist 1,1 € [—1,1] with ¢¥*+ 1* = 1 such that the following two
conditions hold.

1. For any v € Ty, v — J((C(+),&(+));t,2)] <0.
2. Let (p(-;1),q(+;t)) and (P(+;t),Q(-;

((C),e()), X(+), Y (+51), Z(+:1))
and (p(+;t),q(+;t)) and (P(-;t),Q(-;t)) correspond to the 4-tuple

t)) correspond to the 4-tuple

((C(+),2(+)), X (), Y (+51), Z(+51)).
Then, for any (C,¢) € [=1,1] x [0,1] (and P-a.s.),
[Wp(t; 1)+ p(t;t)] (¢ —5(t x)) = (¢ —e(t, x))]
+o[bq(t;t) +a(t; )] [¢ = C(t,2)] + Lo [ P(t; 1) + Y P(t: )] [¢ — C(t,2)]
— o {L[o(ee) - v(zelt, )] + op(t: (L) [ - (1, 2)]} > 0.

Remark 3.4.1. Again, generalization to the case of multiple stocks would
basically be a matter of formalization.






Conclusions

We have formulated two classes of time-inconsistent recursive stochastic
optimal control problems, namely, unconstrained and constrained, where the
notion of optimality is defined by means of subgame-perfect equilibrium.

For both of these classes, we have obtained necessary conditions for existence
in the form of a maximum principle, which also contains sufficient conditions
in the unconstrained case, relying on a generalized second-order Hamiltonian
function.

Under suitable conditions of analytical-geometric regularity, it is possible
to restrict attention to the first-order part of the Hamiltonian alone, as is done
with the investment-consumption policies considered in Section 2.4.

With regard to possible future developments of the approach discussed in
this Thesis, we highlight the following.

As far as the state constraint is concerned, it should be possible to use a
constraint on an expected value that is not derived from an admissible recursive
utility, or even an infinite-dimensional constraint such as

X(T) e QC L7 (4 R)

(see, e.g., [42], [16], and [46]).

In the context of Theorem 3.1.1 (and Corollary 3.3.1), it might be possible
to obtain a “unique” generalized Hamiltonian such that (3.3) could be written
in a compact way, perhaps keeping implicit the two multipliers v, 4.

In the search for a concrete equilibrium policy II, in a practical situation
such as that discussed in Section 2.4, the Hamilton—Jacobi-Bellman equation
associated with the problem could be set up with an appropriate ansatz for
the value function (see, e.g., [14] and [13]).

Also with regard to practical applications, other portfolio management
problems should be explored, with different choices of recursive utility and
constraint.

Even a completely new theory could be constructed once the utility func-

61
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tional J(-;t,x) has been modified as, among others,

J(u(-);t,x) =E {/t 0(s, X(s),u(s),Y(s;t), Z(s;t);t)ds
+e(X(T);t) + (Y (t:8); 1)

(see, e.g., [27]).
Finally, extensions to the infinite horizon case

T =00

or to random horizons 7(-) (stopping times), should be investigated as well.
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