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Abstract

Multi-criteria decision-making is a valuable tool for evaluating and ranking alterna-
tives with multiple conflicting criteria. Traditional methods assume precise inputs,
which is rarely the case in practice. A recent approach tackles this using cumula-
tive distribution functions and quantiles for multivariate random vectors, relying on
cone-induced partial orders to build a conservative ranking procedure that reflects
multiple expert opinions. Yet, expert weights and evaluations are often uncertain
due to preferences, limited data, or subjective judgment. This paper extends the
cone-based method to address both types of uncertainty. By modeling weights and
evaluations as uncertain sets, we develop a dual-uncertainty framework to enhance
decision robustness. We introduce robust versions of cone distribution functions and
set-valued quantiles. Numerical examples illustrate how uncertainty affects rank-
ings, offering a flexible tool for robust analysis in finance, sustainability planning,
and public policy.
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1 Introduction

Making informed decisions in the presence of multiple, often conflicting criteria is
a central challenge in many fields. Multi-criteria decision-making (MCDM) offers a
structured framework to tackle this complexity and plays a significant role in domains
including economics, healthcare systems, infrastructure design, and environmental
governance. Over the years, a variety of methods have been developed, ranging from
classical deterministic models to more recent approaches that explicitly account for
uncertainty and imprecision.

Classical MCDM methods, such as AHP, introduced by Saaty (1980), ELECTRE,
developed by Roy (1968), and PROMETHEE, initially proposed by Mareschal et al.
(1984) and later formalized and extended by Brans and Vincke (1985), rely on a fixed
assignment of weights to criteria to rank alternatives. These deterministic approaches
assume that decision-makers can express their preferences precisely, resulting in
a single, fixed ranking of alternatives. For a comprehensive overview of different
MCDM methods, see Belton and Stewart (2002) and Figueira et al. (2016). However,
it is well-known that real-world decision-making often involves uncertainty arising
from cognitive limitations, incomplete information, or subjective judgments.

To model such uncertainty, the seminal work of Bellman and Zadeh (1970) intro-
duced fuzzy set theory as a formal framework for handling imprecise information,
establishing the notion of decision-making in a fuzzy environment. This foundational
contribution was later extended to multi-criteria problems by Carlsson (1982), who
explored the integration of fuzzy set theory with MCDM techniques. Building on
these early developments, Buckley (1984) proposed a fuzzy set approach to address
the multiple-judge, multiple-criteria ranking problem, enabling aggregation of sub-
jective judgments from different decision-makers. He further advanced the applica-
tion of fuzzy logic in MCDM by introducing a method for ranking alternatives using
fuzzy numbers in Buckley (1985b). Finally, in Buckley (1985a), a fuzzy extension of
the AHP was developed, which allowed linguistic terms and fuzzy pairwise compari-
sons to be incorporated systematically into hierarchical decision structures.

Subsequent research has further enhanced the ability of MCDM models to handle
uncertainty, particularly in group decision-making contexts where achieving con-
sensus is challenging. For instance, fuzzy integrals, such as the Choquet integral,
enable non-additive aggregation and can capture interaction effects among criteria.
This approach was formalized by Grabisch (1996) and has been applied in various
preference modeling settings.

Alongside fuzzy approaches, probabilistic methods have gained increasing atten-
tion. Techniques such as Monte Carlo simulation allow decision-makers to explore a
range of weight configurations and preference profiles, producing probabilistic rank-
ings that reflect uncertainty in input judgments; see Fu and Chang (2024). Interval-
based methods, as discussed in Vahdani and Hadipour (2011), support the use of
ranges rather than fixed values for weights and evaluations, thereby enabling more
flexible assessments under uncertainty. These uncertainty-aware techniques have
been successfully integrated into MCDM frameworks, enhancing significantly their
capability to deal with imprecise or vague data; see, among others, Lahdelma et al.
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(1998), Opricovic and Tzeng (2004), Lahdelma and Salminen (2010) and Corrente
et al. (2014).

More recent contributions in robust MCDM aim to identify alternatives that per-
form consistently well across various scenarios. A key challenge is determining reli-
able criteria weights.

To address this, Danielson and Ekenberg (2017) introduces the CSR method,
based on rank order and preference strength, showing stability in multi-stakeholder
settings. Further advancements include a distributionally robust consensus model by
Zhu et al. (2024), a robust minimum cost consensus model (RMCCM) by Zhang
et al. (2022), and risk-based weighting via expected utility theory proposed by Liu
(2024). Robust exploration in high-dimensional spaces is also supported through
Markov-chain Monte Carlo techniques [see Fu and Chang (2024)]. These approaches
demonstrate how robustness and risk sensitivity can be embedded in group and multi-
criteria decision-making. A recent review [see Pajasmaa et al. (2024)] synthesizes the
state-of-the-art, emphasizing the need for realistic validation and future studies on
behavior and dynamic aggregation.

A significant advancement in MCDM is the integration of set-theoretic techniques,
offering increased flexibility and robustness. The paper by Hamel and Kostner (2018)
introduced a novel approach for ranking alternatives by evaluating them across pos-
sible importance directions provided by different judges, rather than using a single
deterministic weight vector. This cone distribution function framework captures
varying preferences, providing a more robust view of the decision space. It generates
rankings that include non-convex regions of the Pareto frontier [see Kostner (2020)],
enabling more granular decision-making through set-valued quantiles.

Building on Hamel and Kostner (2018) and Kostner (2020), this work incor-
porates two critical types of uncertainty: (1) uncertainty in the importance vectors
assigned by judges, and (2) uncertainty in the criterion evaluations of alternatives.
These reflect the complexities of real-world decision-making, where precise weight-
ings and exact evaluations are often unrealistic. Judges may not be able to provide
definitive weights due to imprecision in preferences, and evaluations often rely on
incomplete or ambiguous data. By incorporating uncertainty into both weights and
evaluations, our approach increases robustness and reduces sensitivity to small varia-
tions in input. This dual-uncertainty framework supports more realistic modeling by
better capturing human variability and data imperfections. By adapting set optimiza-
tion and cone distribution functions to this context, we produce rankings that reflect a
broader range of scenarios. As a result, decision-makers are better equipped to make
reliable and well-supported choices, even in highly uncertain environments.

The structure of the paper is as follows. Section 2 outlines key MCDM concepts,
focusing on set optimization, cone distribution functions, and the role of uncertainty.
Section 3 introduces the two types of uncertainties addressed. Sections 4 and 5 pres-
ent our extended MCDM model, including, respectively, the robust cone distribution
and quantile functions. Section 6 illustrates the methodology through a case study.
Section 7 concludes and outlines future research directions.
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2 Background

This section summarizes the approach introduced by Kostner (2020) in the context
of MCDM, which builds on the cone distribution function and the set-valued upper
and lower quantiles from Hamel and Kostner (2018). First, we recall the notions of
importance cone, K, and acceptance cone, K 4. The acceptance cone is conceptu-
ally related to the solvency cone—an important construct from financial mathemat-
ics, whose geometric interpretation extends beyond that field; see Hamel and Heyde
(2010). The former captures trade-offs among experts, while the latter represents the
common region of acceptability, consisting of all alternatives that satisfy the judges’
requirements. Second, we introduce the cone distribution function and set-valued
quantiles from Hamel and Kostner (2018), and outline their role in decision-making.

2.1 Modeling Judges’ Preferences

In MCDM, a set of m alternatives A = {ay,as, ..., a,} is evaluated based on a set
of d criteria I’ = {~1,72,...,74}. When n experts (advisors, judges) are involved
in the generation of collective assessment, each judge J;, for j = 1,...,n, provides
an importance vector vi: T — R%\ {0}, which specifies the relative importance
assigned to the different criteria:

vl (1)
v =

v? (Va)
Each alternative a;, ¢ = 1,...,m is evaluated by an external evaluator, resulting in a
d-dimensional assessment vector:

xE(’Yl, a;)

xE(al) = )
2P (ya, ;)

where the component ¥ (4, a; ) represents the score of the alternative a; with respect
tothecriterion ;. Thesetofall evaluationsisdenotedby £ = {2 (a1), ...,z (am)}.

The experts’ weights can be aggregated according to a specific criterion for collec-
tive assessment. The approach proposed in Kostner (2020) uses the importance cone,
K7, defined as the convex cone generated by the judges’ importance vectors:

n
K= E o v? | ag, ..., 0 20
i=1

This cone represents all possible nonnegative combinations of the judges’ prefer-
ences and captures potential compromises among them.
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For each judge J;, j = 1,...,n, we can define a half-space of acceptable alterna-
tives as:

HT(v7) = {z e RY(v/)'2 > 0},

that is, a vector z € R¢ is deemed acceptable if, and only if, (v/) 'z > 0. Geomet-
rically, HT(v’) corresponds to the closed half-space bounded by the hyperplane
orthogonal to v/, containing all directions forming a nonnegative angle with v7. In
other words, it represents the collection of “nonnegative” alternatives with respect to
the importance vector v7.

The intersection of the half-spaces H*(v7), j = 1,...,n,

Ky = ﬁ H*(v7)

Jj=1

is called acceptance cone. It represents the region of alternatives that simultaneously
satisfy the preferences of all judges. By the bipolar theorem [see, e.g., (Rockafellar
1970, Part I1I, Chapter 14, Theorem 14.5)], it follows that the importance cone K
and the acceptance cone K 4 are dual to each other.

Example 1 To fix ideas, we consider a decision-making example with 3 criteria
vi, t = 1,2,8, and 3 judges. Suppose that the importance vectors of the judges are
vl =[2,1,1]T,v* =[1,2,1]", and v® = [1,1, 2]". The resulting importance and
acceptance cones are represented in Fig. 1.

2.2 Decision-Making by Cone Distribution Functions and Set-Quantiles

To address the ranking problem of the alternatives a1, . . . , a,, under multiple-criteria
using cone distribution functions and set-valued quantiles, we translate the decision-
making process into a multivariate statistical framework. We construct a suitable
probability space (2, F,PP) as follows. We set Q = {ay,...,an}, F = P(Q), and
let P be the uniform probability distribution on €, i.e., P(a;) = %, i=1,...,m.The
evaluation of the alternatives under each criterion is summarized by a random vector
X : Q — RY defined as

a¥ (1, a;)
2 (Ya, a;)
Following (Kostner 2020), alternatives are ranked using cone distribution func-

tions. For an importance vector v € K\ {0}, the scalar distribution function
Fx ., :R% — [0, 1] is defined as:
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0s,

05,

Y2

Fig. 1 The light red region represents the acceptance cone K 4, while the shaded triangular region il-
lustrates the importance cone K7, both generated by the judges’ importance vectors v = [2,1,1] 7,
v2 =[1,2,1]T,and v3 = [1,1, 2], which are displayed as blue arrows

Fxo(z) =P(v'X <v'2), (1)

that is, F'x , is the cumulative distribution function of the discrete random variable
v X. More explicitly,

Fxo(z) =P(v'X <v'z)
1
=—#{ie{l,...,m}|X(a;) €z2— H"(v)}
m
1
= E# {ie{t,....,m}|2%(a;) € z— H"(v)}.
Hence, for z € R% Fx, measures the proportion of alternatives dominated by z
along the direction induced by v.

The cone distribution function Fx i ,(z) considers all possible directions within
K7, since

Pxpa(z) = inf  Fxo(2), ©)

and provides a conservative ranking based on the worst-case evaluation across the
judges’ preferences. F'x i, (#) enjoys several properties that admit interesting inter-
pretations within the framework of MCDM. For a complete list, we refer to Kostner
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(2020, Subsection 2.2). These properties make F'x i, (z) a suitable tool for ranking
the alternatives a1, ..., a,, in the presence of multiple experts: the higher the value
of Fx r, (¥ (a;)) in [0, 1], the higher the position of a; in the ranking. Alternatives
with the same value of F'x g, are not comparable with respect to this ranking.

We observe that, when considering a single judge with a fixed importance vector
v, the ranking method presented here corresponds to the weighted sum method, since
each alternative a is evaluated through the scalar product (2% (a)) " v. This method
has long been valued for its clarity and ease of use. Its linear structure makes it very
intuitive: the criteria can be aggregated in a straightforward way, and the role of
the weights is immediately visible and easy to explain. Due to these features, it has
found wide application in practice. However, its weaknesses are equally well known,
see among others Rowley et al. (2012) and the reference therein. The outcome of
the method depends strongly on how the criteria are scaled or normalized, and even
small changes in the assigned weights can significantly alter the ranking. In addition,
the approach is fully compensatory: an alternative that performs poorly on one crite-
rion may still appear favorable if it scores well on others. Finally, its linear formula-
tion restricts the ability to represent more complex or nonlinear preference patterns,
which may be essential in many real-world decision problems.

In contrast, the cone distribution function provides an aggregation method that not
only incorporates the most extreme opinions among the judges, but also accounts for
potential compromises across all judges. This aggregation is by construction nonlin-
ear, owing to the presence of the infimum operator in Definition 2, which yields a
more conservative and risk-averse ranking procedure. Indeed, the infimum of a sum
is not, in general, equal to the sum of the respective infima.

Example 2 Suppose that the set of alternatives consists of 5 elements, i.e.,
A= ={a;},_, 5 andthat the criteria assessments are given by the following

vectors:

2P (ay) =[1,5,3]", 2P (ay) = [2,3,1]", P (a3) = [3,2,4]",
2P (ag) = [5,1,2]", ¥ (as) = [5,5,3]",

which are also illustrated in Fig. 2.

The five alternatives are ranked using the cone distribution function, along with
the individual rankings corresponding to each judge, whose importance vectors were
introduced in Example 1. These rankings are shown in Table 1.

By comparing the ranking derived from the cone distribution function Fx i, with
those obtained from the “scalarized” distribution functions Fx .i, we observe that
Fx i, always assigns lower values. This is simply because Fx g, is the infimum
taken over all possible nonzero directions in K;. Moreover, as is ranked first since
1¥(as) is a non-dominated point among all alternatives (with respect to the cone
Kj). Finally, it is possible for different alternatives to share the same rank, meaning
that they are indifferent with respect to the ranking induced by K 4.
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Fig.2 Evaluation of alternatives a;, 2 = 1,...,5

2.3 Cone Quantiles

Set-valued quantiles for multivariate distributions with respect to a convex cone
introduced in Hamel and Kostner (2018). For v € K 4\ {0}, the lower v-quantile
function of X'is the set-valued function Q' ,, :]0,1[ — P(R?) defined as:

Qx,(p) = {7 € RYFx,(2) > p}

= {zERd ‘#{ze {1,...,m} 2" (a;) € 2 — H" (v)} Zmp}. @

The set Q}’U(p) includes all points z € R such that, with probability at least p, the
inequality X "v < zTv holds.

The lower K 4-quantile function of X is defined as the intersection of the lower
v-quantiles over all non-zero elements of K7, i.e., as the set-valued function

Qx r, " 10,1 — ’P(Rd) given by

Q;(,KA (p) = ﬂ Q;{,v (p)- 4)

veKr\{0}

The set Qx x, (p) contains all points z € R such that, with probability at least p,
the vector X is “less than or equal to” z according to the preorder induced by the
acceptance cone K 4. Similarly, the set-valued function Q% , :10,1[ — P(R?) is
defined as:

Q}ﬁv(p) = {z € R4 ‘# {ie{1,...,m} | (a;) € 2 — int H" (v)} < mp}, 5)

and is called upper v-quantile function of X. The upper cone quantile Q} K, (D) is
then defined as:

Q.= [] Q.. (6)

veK\{0}
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In a MCDM setting, these quantile functions allow us to classify alternatives into
“good” and “bad” regions relative to a threshold p € ]0, 1[. The lower cone quantile
Qx K, (p) identifies alternatives ranked at least as high as p, while the upper cone quan-

tile Qf{g KA (p) identifies those ranked at most as high as p. Alternatively, quantiles can

define an ordinal preference scale G, e.g., {very low, low, medium, high, very high},
where each level corresponds to a probability interval. A typical partition of the unit
interval is Z = {[0,0.2[, [0.2,0.4[, [0.4,0.6], [0.6,0.8[, [0.8, 1]}. For instance, alter-
natives in Q% ,(0.2) are “very low”, those in Q% -, (0.4)\ Q% x,(0.2) are
“low”, and so on.

Set-valued quantiles have useful properties for decision-making, including affine
equivariance, monotonicity, conservatism, right-continuity, and robustness.For a
detailed discussion of these properties, we refer to Hamel and Kostner (2018) and
Kostner (2020), and to the analysis presented below concerning the robust counter-
part of set-quantiles.

Example 3 Figure 3 illustrates the lower and upper K s-quantiles for various p val-
ues, in the setting of Examples 1 and 2. Note that Qx . (p) N Q;KA (p) may be
empty or non-empty depending on the data and the value of p.

3 Introducing Uncertainty

In the original formulation by Kostner (2020), the importance vectors v7, for
j=1,...,n, represent fixed judgments on the relative significance of criteria, and
alternative evaluations are assumed to be precise. However, in real-world contexts,
such assumptions often fail: judges may not know exact weights, and evaluations
may be imprecise due to limited data or differing interpretations. To address these
issues, we extend the framework in Kostner (2020) by incorporating uncertainty into
both the importance vectors and the criterion evaluations. This leads to a more realis-
tic representation of preferences and improves the robustness of the decision-making
process. We now introduce several ways to model uncertainty—both in forming the
importance cone and in evaluating alternatives—highlighting that different choices
are possible and offer a flexible toolkit for practical applications.

3.1 Uncertainty in the Importance Vector of Each Judge

Experts in real-world settings may be unable to assign exact, fixed weights to each
criterion. To model this uncertainty, we introduce variability in the importance vec-
tors by considering a set of possible importance cones.

Formally, the original importance cone K is associated with a set of perturbed
cones:

K=K |se S},
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Quantile Regions Qo and €y o considering p = 0.2 Quantile Regions @y o and Qp - considering p = 0.4

K e 2 —

Quantile Regions Q5 and Q@ | considering p = 0.8

AT —

Fig.3 ThesetQy K4 (p) is shown in blue and the setQ} K, (p) inlightred, forp = 0.2,0.4,0.6,0.8.

L v2 and v®

The importance cone K 4 is generated by the judges’ vectors v
called set of uncertain cones. Each K7, for s € S, corresponds to a scenario gener-
ated from a set of perturbed importance vectors (v7*),cs C R%\ {0}. Specifically,
for each s € S, we define:

One of the reasons for the use of the perturbed cones is that each expert may not
be willing or be able to provide exact values of his weights. This difficulty could
be avoided by allowing the experts to give some variability in their own weights.
The set S is used here to indexing the set of uncertain importance cones and may
be finite, countable, or uncountable. For instance, if we assume that the set of
uncertain importance cones is finite, S could be chosen as S ={1,...,S} with
K §S) ={K},...,K7}. In case we assume a countable number of uncertain vec-
tors S could be chosen as S = N, so that the set of uncertain importance cones can
be described through a sequence of cones K §S) = {K}},cn- Finally, if we want to
introduce an uncountable uncertainty set, a possible choice for S could be S = [0, 1]
so that the uncertainty set of importance vectors becomes K ;S) = {K}}, €[0.1]° Fig-
ure 4 shows an example with six uncertain cones surrounding the original cone K
from Example 1. Another possibility is to allow the variability of the weights for each
expert j, for instance, through small deviations around a fixed vector of weights v7;
in this case the perturbed importance vectors can be assumed to belong to the closed
balls in R? centered at v/, i.e., v/** € B.(v7). However, one could even assign a
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Fig. 4 Each subplot displays the original cone (in blue) alongside one instance of an uncertain cone (in
red) within a three-dimensional criterion space. The original cone is generated by the three importance
vectors of Example 1. The uncertain cones illustrate possible deviations caused by uncertainty in these
vectors, with the specific vectors forming each uncertain cone indicated in the title of each subplot.
This depiction highlights the range of potential configurations under uncertainty, showing how the
judges’ importance vectors might shift

probability distribution over S to reflect how likely each cone K7 is (such extensions
could be explored in future research).

Depending on the uncertainty level, the perturbed cones may expand beyond or
shrink within K. This formulation captures the range of plausible expert judgments
and enhances the flexibility and robustness of the MCDM framework.

3.2 Uncertainty in Criteria Evaluation of Alternatives

The accuracy of alternative evaluations is another key source of uncertainty in
MCDM. Each alternative a; is initially assessed by a fixed evaluation vector provided
by an external evaluator:

ﬂfi(%aai)
E(a-)— z (72’%) ERd
xE(’Yd7ai)

where 2% (v, a;) is the score of a; under criterion ~;. Since these scores are often

estimates, it is important to account for possible inaccuracies due to limited data,
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subjective interpretation, or incomplete information-similar to the uncertainty con-
sidered for importance vectors.

To model this, we associate the evaluation set X with an uncertainty set Uy,
containing X, which captures potential perturbations. A common choice for Ux is
a closed ball centered at X with radius ¢, defined under a suitable distance metric.
The selected metric determines the shape and size of the uncertainty region. Figure 5
illustrates four different metrics, each inducing a distinct uncertainty set:

(1) The Lo-norm (Euclidean distance)—the simplest and most intuitive example—
assumes uniform uncertainty in all directions:

d
Uy ={ X': Q- R? Z|X’(’yk,ai)—X(7k,ai)‘2§6,Vi: N
k=1

where X' (v, a;) indicates the perturbed point. This choice is appropriate when
each criterion is subject to the same degree of uncertainty.

45

a5

- 2258
15

05

4 2 a

i 8 iy 3 n
11 2 T 12

Fig. 5 Examples of uncertainty sets for criteria evaluations: The four subplots illustrate different shapes
of uncertainty sets around each point ¥ (a;). Each subplot corresponds to a distinct metric: (Top
Left) Lo-norm: circular uncertainty (light purple); (Top Right) Mahalanobis distance: ellipsoidal un-
certainty (light blue); (Bottom Left) Loo-norm: square uncertainty (light red); (Bottom Right) L
-norm: diamond-shaped uncertainty (light green). These sets capture regions where the evaluation of
each alternative is considered uncertain
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(i) The Mahalanobis distance accounts for the variance and correlation structure
among the criteria, leading to ellipsoidal uncertainty regions:

d
Uy = {X’ (0 — R? J Z e (X! (Vi @) — X (W, @3)) (X' (e, ai) — X (e, 03)) < €, Vi= 1,”.,m}
k=1
where 0y, ¢, k, £ =1, ..., d are the entries of a symmetric positive definite matrix
that determines the shape and size of the ellipsoidal region.
(iii) The Loo-norm (Chebyshev distance) defines distance based on the maximum
deviation along any single criterion:

Ux = {X’: Q- R?| max |X’(fyk,ai) —X(fyk,ai)| <e Vi= ,...,m},

resulting in a cubic uncertainty region.
(iv) The Li-norm (Manhattan distance) considers the sum of absolute deviations
across all criteria:

d
Ux = {X’:Q%Rd | Z ‘X/(’yk,ai)—X(’yk,ai)’ <e Vi= ,...,m},
k=1

producing a diamond-shaped uncertainty region, suitable when cumulative devi-
ations are more relevant than individual ones.

More advanced approaches involve using probabilistic distances between random
vectors, such as the Wasserstein distance or the Kullback—Leibler divergence. These
metrics allow one to quantify how different two d-dimensional probability distribu-
tions are, thus capturing not only geometric perturbations but also potential likeli-
hood levels within the uncertainty set Ux .

This allows decision-makers to consider a wider range of possible deviations from
initial evaluations, enhancing the robustness of the analysis. Uncertainty in evalua-
tions can also be combined with uncertainty in the importance vectors, resulting in a
ranking problem with dual variability. In the next sections, we develop a framework
that integrates both types of uncertainty.

4 Robust Cone Distribution Functions

In this section, we present the mathematical foundation for robust cone distribution
functions, offering a rigorous framework to address uncertainty in both importance
vectors and criterion evaluations. This approach enhances the reliability of deci-
sion-making by embedding uncertainty directly into the ranking and classification
of alternatives. We also discuss key properties, including affine equivariance and
monotonicity, to highlight the robustness and practical relevance of these functions
in multi-criteria settings.
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4.1 Definitions

Let Ux represent the uncertainty set for the evaluations of a random vector X. The
acceptance cone K3, for a given s € .S, is defined as the intersection of half-spaces
determined by the uncertain importance vectors v; for each judge j = 1,..., n:

K; = ﬂ H* (v3),
j=1

where Ht (v;) = {z € RY| (vj)Tz > O}.

We define the two classes:
K9 =K |ses), K={K;|seS} )

representing all possible cones of importance and acceptance, respectively. For each
s € 9, the cones K and K| are dual, as shown in Kostner (2020).
We further define:

S - s
K3 = () K; ®)
sesS

which is a closed, convex cone in R?, with R C K7 C R

Now, for any random vector X, we define the robust cone distribution function

F

U R~ [0, 1],

or robust K A(,S)- distribution function (robust CDF), by setting, for any z € R¢,

def .
FZ’{X’K/(AS)(Z) - sES}%fGUXFXCK'Z (Z) (9)

(see also (1) and (2)).

The intersection in (8) ensures that the robust acceptance cone captures the
worst-case importance directions from the set S. Incorporating importance vector
uncertainty s € S in (9) guarantees robustness by accounting for all plausible expert
assessments. Likewise, criteria evaluation uncertainty X' € Ux models variability
in evaluations, further strengthening the robustness of the framework.

As already noted in Section 2, the ranking method based on the scalar distribution
function coincides with the weighted sum method. However, the robust approach
proposed in this section extends beyond the weighted sum formulation through the
explicit incorporation of uncertainty. Unlike the non-robust case introduced in Kost-
ner (2020), this distinction arises even when using the scalar distribution function,
which corresponds to the single-expert scenario. In fact, if K reduces to a single
vector vy for all s € S, then the scalar distribution function is replaced by

@ Springer



A. Hitaj et al.

FMX,U(S)(Z) = SesiﬁfeuxFX/,vs (Z)

This expression introduces a nonlinearity in the ranking procedure due to the pres-
ence of the infimum operator.

Remark 1 We conceive the definition (9) as extendable to a general family of closed
and convex cones

C®:={C*|se S}
in R Specifically, for any random vector X, we mean as defined, for any z € R,

Fu,co(2) isesiﬁl’ceuxFX/’Cs(Z) (10)

where, for any s € S, X' € Ux, and z € R,

Fxros = inf Fyr
Xr08(2) e o) X0(D)

Jor Fx:,(p) being defined as in (1). In this context, for any random vector X, a
closed and convex cone C, and any z € R we introduce the following notations:

Fuxc(2) = inf Fyc(2), (11)

FX,C(S)(Z) = glIEIfS' FX,CS(Z)~ (12)
Therefore, also by (10), on R,

Fixyqoy = Fixy.o = Fxqoy = Fxc-

Remark 2 A natural comparison arises between the robust CDF introduced here with
the CDF in the sense of Hamel and Kostner, which take K AS as the reference accep-
tance cone (see (8)). Accordingly, we establish that, for any z € R,

Fyoe(z) 2 inf Fx pes(2). (13)

The relation (13) influences the final ranking of alternatives.

This observation will be further supported by the numerical analysis in the fol-
lowing sections.
To prove (13), we first remember that, by (9) and (2), for any z € R,

B = bl Fog(2)

inf
seS, X'eUx
s€S,X'eUUx ve K7 \{0} 7v( )
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and, for any X' € Uy,

FX/KS(Z) = inf FX/,’U/ (Z).
A velJ, s K \{0}

We also use that, by (8),
(KAS)*: U KIS/~
s’eS

It follows that, for any s € S and v € K\ {0}, we have that, for any X' € Ux and
z € RY

Fxio(2) 2 Fxrges(2).
Then, for any s € S, X' € Ux, and z € R",
Fxic; (2) 2 P ges(2),

and hence easily the thesis.

4.2 Properties

We present and prove several key properties of the robust cone distribution function

Fux (+) for any random vector X (see (9)), which also depends on the structure
LR\

of the corresponding neighborhood Ufx . These properties are particularly relevant for
MCDM problems.

Throughout this paper, we write U ~ V to denote that random vectors U and V'
share the same joint distribution.
(F-lawinv) — law invariance: for any random vector Y, if X ~ Y and

VX' €Uy, 3Y €Uy : X'~ Y
VYY" EUy,IX" €Uy : X"~ Y (14)

then, for any z € R¢,
FUX7K,§S)(Z) = FMY,K,L(\S)(Z)' (15)

This property ensures that FMX () (2) depends only on the distribution of X, rather
R a

than its specific realizations. This means that if two random vectors X and Y share the
same distribution (X ~ Y"), the robust cone distribution function will produce identi-
cal results for both. The condition stated in (14) guarantees that the uncertainty sets
Ux and Uy preserve the law-equivalence structure, allowing to extend this invariance
under uncertainty. Consequently, the equality in (15) holds for any z € R, meaning
that X and Y are interchangeable from the perspective of the robust cone framework.
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By focusing on the law of X, decision-makers ensure that the method remains con-

sistent and fair regardless of the specific realizations of uncertain criteria evaluations.

We now prove that, for any random vector X, Fux (9)(+) satisfies (F-lawinv). Let X
TTA

and Y be two random vectors with X ~ Y and, for any X’ € Ux, let Y’ € Uy be such
that X’ ~ Y", according to the first line in (14). Then, by (1), (2) and (9), we have that,
forany s € S and z € R?,

FXQKX(Z) = FYQK/«;(Z) > Fuy,st)(Z)

and consequently, for any z € R€,

FUX7K,§S)(Z) > FMY,K,L(\S)(Z)'
The converse follows in a similar way, which allows us to obtain (15).
Let us present the first non-trivial property of the CDF.
(F-affequ) — affine equivariance: if b € R®and B € R?*is an invertible matrix
such that

Upx+b = BUx+b (16)
then, for any z € R¢,

FMBX+b:BK,g5)(BZ +b) = FMX,KQS)(Z)’ (17)

where the robust cone distribution function F;, (+), under any choice of uncer-

,BK %
tainty set / modeling the imprecision in criteria evaluations, corresponds to the fam-
ily of cones

BK\":= {BKj} | s € S} (18)

as outlined in Remark 1. This property ensures that Fux (9 remains invariant under
STTA

affine transformations (translations and linear transformations) of the input data. This
guarantees that the function behaves consistently regardless of changes in scale, units,
or coordinate systems. It preserves the relative rankings of alternatives and maintains
the geometric structure of the acceptance cone. As a result, this property improves
the robustness, clarity, and reliability of the function in MCDM under uncertainty.

Proposition 1 For any random vector X, the robust cone distribution function
. KA(S)(‘) satisfies (F-affequ).

Proof Let Xbe an arbitrary random vector, and let b € Rand B € R?*be an invert-
ible matrix. Based on Hamel and Kostner (2018), we can assert that, for any s € .5,
X'eUx and z € RS,
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FBX’+b,BKj (BZ + b) = FX’,Kj (Z)

Therefore, by (9), (16) and Remark 1, we conclude that, for any z € R¢,

Fi915) = el Foxsn i (B +

= inf FZ/BKS BZ+b
sGS,Z’Equer ’ A( )

= FZ/{BXJFb,BngS)(BZ + b)

as stated in (17) (see also (18)). O

We now turn to the various monotonicity properties of the CDF.

(F-nondec) — monotone non-decreasing (w.r.t. z): for any z, 2’ € RY if z < K5 z,
then

FUX,K£S>(Z) < FZ/{X,KA&(Z/)’

This property guarantees that F (2) respects the partial order induced by K.

Ux, K
This ensures that alternatives performing better with respect to the acceptance cone
structure receive higher or equal values, reinforcing the consistency of the ranking.

(F-noninc) — monotone non-increasing (w.r.t. K ;f - order): for any random vec-
tor Y, if X SKg Y (a.s.) and

VX/EU)(,HY/GUY:X’SKEY/(I.S. (19)

then, for any z € R¢,

F go(z) < FMX’Kjis)(Z). (20)

A

This property highlights the behavior of the robust cone distribution function under
order-preserving transformations. If a random vector X performs at least as well as
Y in the sense of the cone K}, then the robust cone distribution function of X will
dominate that of Y. This property ensures that alternatives demonstrating stronger
performance relative to the cone structure receive lower or equal values, aligning
with a worst-case evaluation perspective.

(F-cmon)  — cone monotonicity: for any family C{*) := {Ci|seS}of
closed and convex cones in R, if, for any s € S, Ri C C; CR%nd

VseS,35€8:C; CK; (21)

then, for any z € R¢,
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FL{X’C;‘S)(’Z) < FMX7K1§5)(Z) (22)

(see Remark 1). This property highlights the relationship between two families of
cones, C' f(‘s) and K ;‘9 . If (21) is true, then the robust cone distribution function evalu-
ated with Cf(ls) will always yield values less than or equal to those obtained with
K. This reflects the fact that narrower cones C'y impose stricter constraints on the
feasible directions of importance, leading to a more restrictive and potentially less
optimistic evaluation of the distribution function. This property is useful for compar-

ing solutions under different levels of conservatism and for understanding the effects
of tightening or relaxing the set of acceptable importance directions.

Proposition 2 For any random vector X, the robust cone distribution function

FMX, KA(S)(') satisfies the following monotonicity properties: (F-nondec), (F-noninc),

(F-cmon).
In the following, we prove the three properties stated above.

Proof (F-nondec). Let X be an arbitrary random vector, and let z, 2’ € R°be such that
z <gs Z,1le., forany s € S,z <k: 2'(see (8)). Then, by (9) and Hamel and Kostner

(2018), it holds that, for any s € S and X' € Uy,

By xo(2) < By (2) < By (21).

Thus, the thesis arises from the arbitrariness of X’ € Ux and s € S.
(F-noninc). Let X and Y be two random vectors with X < KS Y (a.s.) and, for any

X' € Ux, let Y’ € Uy be such that X’ <gsY'(as.), asin (19). Then, by (8), for any
seS,X'< k3 Y (as.) and, by (9) and Hamel and Kostner (2018), we have that, for
any z € R,

By (2) = Fyi; (2) < o (2),

from which (20) follows immediately.

(F-cmon). Let X be an arbitrary random vector and, for any s € S, let C} be a
closed and convex cone with Ri C ¢} C R From (9), (21) and Hamel and Kost-
ner (2018), we readily infer that, for any s € S, there exists s € S such that, for any
X'eUx and z € RS,

Fz,{x_,cf)(z) < FX',Cj (z) < FX’,KX (Z)

The inequality (22) is now a clear outcome. O
We conclude this subsection by addressing a noteworthy form of continuity of the
CDF.
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(F-rcont) — right continuity: for any z € R®and sequence (2y),,cy in R® with
Zn+1 SKg zZn,n €N, iflim,, o 2z, = Z, then
i oy o) = 8 By o) = B o)

This property ensures the stability of the robust cone distribution function when
evaluated along a monotone decreasing sequence of points {z,} in the cone order
K. Specifically, as the sequence z, converges to a limit point z, the values of the
robust cone distribution function converge to its value at z. This property guarantees
consistency and smooth behavior of the function under limits, which is crucial for

theoretical soundness and numerical applications where approximations or iterative
methods are used.

Proposition 3 For any random vector X, the robust cone distribution function

Fy. KA(S)(‘) satisfies (F-rcont).

Proof Let Xbe an arbitrary random vector,and let z € Rand (2, ),y be asequence in
R¢such that, foranyn € N, 2,11 SKE Zn,1.e., forany s € S, z,11 <k Zn (see (8)).
Given that lim,, ., 2, = Z, it results from Hamel and Kostner (2018) that, for any
se€ Sand X' € Uy,

A B pey (2n) = inf By (2n) = By (2)- (23)

Therefore, by (9),

SES,i)r}fGUX Tlllelg FX’,Kj (Z") = FUX,KA(S)(Z)

and in particular, for any s € S, X' € Ux andn € N,
By 9 () < B )
This fact immediately implies the inequality

il Fuere(en) = inf b PouiGn) 2 By g0 2)

(see (9) again). Conversely, taking into account that, for any 5 € S, X’ € Ux and
n €N,

FL{X,KAS)(Z”) = inf  Fx k: (zn) < F)?/,Kj (zn)

s€S, X'EUx

it can be written, by (23), that, for any 5 € S and X’ € Ux,
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I P o) < 10 P o) = P ()

This provides a clear conclusion to the proof. O
Remark 3 Clearly, condition (21) is stronger than having the inclusion

Ci:=()CicC Ky

seS

(see (8)), without being equivalent in general.

Remark 4 A widely discussed property of MCDM aggregation rules is independence
of irrelevant alternatives (IIA). This principle states that the preference between any
two alternatives should depend only on the evaluations of those two alternatives,
and not be influenced by the presence or absence of other, irrelevant options. As
discussed in the literature (see, among others, Dias et al. (2019)), this property is
closely related to the rank reversal problem. This issue arises when, for example, z
is preferred to y, and y is preferred to w, but removing w or adding a new alterna-
tive u may lead to the conclusion that y is preferred to z. Such behavior violates IIA.
For the ranking method based on cone distribution functions, (Hamel and Kostner
2024, Section 4) analyzes the conditions under which rank reversal may occur and
illustrates them with an example. Consequently, rank reversal may also arise in the
robust version proposed in this paper.

5 Robust Cone Quantile Functions

In this section, we define the notion of robust set-valued quantiles and discuss their
properties, following an approach analogous to that of the previous section.

5.1 Definitions

For any random vector X, we define the (set-valued) robust lower cone quantile
function

:10,1[ — P(RY),

Z/lx,ngS) ’

Q

or robust lower K fxs)— quantile function (lower CQF), by setting, for any p € |0, 1],

Q;X,Kés)(p) o m Q)?@ K: (p) (24)

seS, X'eUx

where, for any s € S and X' € Ux, Qy, s (+) is the lower K}(‘S)- quantile function
4 la (Hamel and Kostner 2018) (see (4)). Here, P(IR?) denotes the power set of R°.
Observe that, by (4), (2), and (9),
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_ _ d

Q= ) {re®| B 25}
seS, X'eUx
—{:eR!| F,_,o(2) 2} (25)

= (FuX,ng“)il([ ) 1])

Likewise, for any random vector X, we define the (set-valued) robust upper cone
quantile function

QZX,K;& :10,1[ = P(R?),

or robust upper K f({g)- quantile function (upper CQF), by setting, for any p € |0, 1],
def

Qo ko) = N Q& @) (26)

seS, X'eUx

where, for any s € S and X' € Uy, Q)‘?’ s (+) is the upper K}(‘S)- quantile function
(see (6)).

Remark 5 In accordance with Remark 1, Definitions (25) and (24) may also be natu-
rally interpreted within the framework of a broad class of closed and convex cones
CO={C*|seS}inR% for any random vector X and p €10, 1],

;X,C%S)(p) = ﬂ Q);’,CS (p) (27)

s€S, X’'eUx

and

Q:,Xyc(s)(p) = ﬂ Q)J(r/,cs (p),

s€S, X'eUx

where, for any s € S, X' € Ux, and p €10, 1],

Qo= (] Q)
ve(©)\{0}

for Q)}_L,w( p) being defined as in (3) and (35) respectively. Observe that, as per (25),

QZ;X,CWS)(‘D) = (FUX,C<S>)71([ ) ”)

(see Remark 1). In this context, for any random vector X, a closed and convex cone
C, and any p €10, 1|, we introduce the following notations:
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Quxc®) = [ Qxel 28)

X'eUx

.oP) = ﬂ Qx.c:(p)

ses

In particular; also by (27), on |0, 1],

Q{_X},{C} = Q{_X},C = Q)_(,{C} =Qx.c-

Remark 6 Following the line of discussion in Remark 2, we can now compare the
robust CQFs and the CQFs corresponding to K ﬁ. What emerges is that, for any
€]10,1],

M Qe xs0) CQ xo®)- (29)

X'eUx

This aspect will be clearly illustrated in the upcoming application section.

To verify the set inclusion above, let us recall that, by (25), for any p € 10, 1],

- d
Q@) = {2 € R | B () 2 v}

and, by definitions, for any X' € Uy,

Then, clearly,

m Q);/,Ki(p) = {Z € R ‘ inf Fy, gs(z) > p},

Yetix X'eUx
and, therefore, the claim is directly obtained by (13) (Remark 2).
We now present the basic properties of Q K s(+), with these conditions being

fundamentally based on the propositions of the previous subsection. The analogous
properties of QZJ; K s)(+) follow in a similar manner. Please refer to Remark 1 also
Xy 48 4

for further context.

Remark7 We firstly highlight that, for any p € 10, 1], Q~ (S)(p) is a closed, convex

Ux,
and < Ks-upper closed subset of R In particular, for any p 6 10,1],
— S _ —
QMX,KQS)(;D) oKy = QMX,KE‘S)(p)'
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Closure ensures stability under limits, which is essential for both theoretical analy-
sis and numerical implementation. Convexity reflects risk aversion, ensuring that
convex combinations of quantiles remain within the acceptance set, in line with
coherent risk principles. The upper closure property with respect to K AS (see (8))
implies that, if a point belongs to the CQF, then all points above it in the cone order
do as well. These properties provide a solid mathematical framework for applica-
tions in financial engineering, decision analysis, and multi-criteria optimization,
ensuring both analytical rigor and computational feasibility.

10 ascertain the properties above, let X be an arbitrary random vector. For

any s € S and X' € Ux, the lower Kés)— quantile function Q, - (+) is such that,
B
Jor any p €10,1], Qx, K: (p) is a closed, convex and < k;-upper closed subset of

RS as established in Hamel and Kostner (2018). Hence, for any p € 0, 1|, the set

QZ/_{ K(S)(p), which, by (25), is the intersection over s € S and X' € Ux of the sets
XKy

Qx, K: (p), is itself closed, convex and < Ks-upper closed in R (see also (8)). Finally,
observe that, for any p € 0, 1|, the identity

MX)KAS)(p)

— S
QL{X,Kf)(p) © Ky =

i.e., the inclusion C (since 0 € Kf), is equivalent to the fact that QZ/_{ K(S>(p) is
X8y
SKAs-upper closed (meaning precisely that, for any z,2' € R if z € Q; K(S)(p)
X8y

) / -
and z <ks?, then 7' € qu,K,fS)(p) as well).

5.2 Properties

Let us begin by discussing the properties of the (lower) CQF.
(Q -lawinv) — law invariance: for any random vector Y, if X ~ Y and (14)
holds, then, for any p € |0, 1],
Q P =Q (D)

U, K\ Uy K

This property ensures that the CQF depends only on the distribution of the random

variable and not on specific realizations.

It is easy to verify that, for any random vector X, Qz; K s (+) satisfies (Q -lawinv).
X8 4

Indeed, let X and Y be two random vectors with X ~ Y. Since (14) holds, (15) fol-
lows as a consequence: that is,

FUX,K,L(\S) = FM“K;‘S)

on R¢ (see (F-lawinv)). From this and (25), the thesis is directly derived.
Let’s turn to a more significant property.
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(O -affequ) — affine equivariance: if b € Rand B € R?*“ s an invertible ma-
trix such that (16) holds, then, for any p € |0, 1],

UBx+b,BKf(‘S)(p) = BQL{X,KIQSxp) +b

(see Remark 5 and (18)). This property ensures that the CQFs behave coherently
under such transformations: a shift in location translates into an identical shift in the
quantile function, while a linear transformation of risk factors modifies the CQFs
accordingly. In practice, this means that CQFs remain meaningful under changes of
scale or shifts in the reference frame, ensuring stability when modeling risks across
different markets and portfolio structures. Affine transformations play a crucial role
in convex analysis, with applications ranging from optimization and decision sci-
ences to financial modeling and related fields.

Proposition 4 For any random vector X, the robust lower K fgS)_ quantile function

Q" (+) satisfies (Q -affequ).

Uy, K

Proof Let Xbe an arbitrary random vector, and let b € Rand B € R?*“be an invert-
ible matrix such that (16) is fulfilled. Then, for any z, 2’ € R® such that z = Bz'+ b,
or equivalently 2’ = B~1(z — b), (17) results in

FMBX—H;:BKIL(;S)(Z) - Fume(xS)(Z/)
(see (F-affequ), and in particular (18) and Remark 1). Therefore, by (25) and
Remark 5, we find that, for any p € ]0, 1],

() ={zer ‘ P oo mic(2) 2 1}

UBX+b,BK£‘S> BX+b,B

=B {Z'E R? ‘ FUX,K£S>(Z/) > p} +b

=BQ, P)+D,

XJQ(,S)
as asserted. O
We now proceed to examine the different monotonicity properties of the CQF.
(Q -pmon)  — p-monotonicity: for any p,p’ € 10, 1], if p < p/, then
_ N c O
QUX_’K;(‘m(p) = quny(,s)(p)‘

This property states that as we move toward higher probability levels, the associated
CQF shrinks or remains unchanged. Essentially, the worst-case scenarios covered by
the quantile function become less severe as we move to higher percentiles, aligning
with coherent risk assessment principles. For instance, in financial risk management,
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this reflects the idea that higher confidence levels should correspond to increasingly
conservative risk estimates.

(Q -noninc) — monotone non-increasing (w.r.t. K3 - order): for any random vec-
tor Y, if X <ks Y (a.s.) and (19) holds, then, for any p € ]0, 1],

Q. ) CQ (p)-

Uy, K° o Ux, K

If one random variable is always at least as large as another in the partial order
induced by the acceptance cone K7, then its CQF must be at least as conservative.
This property is crucial in systemic risk modeling , and more generally in robust
decision-making and stochastic optimization, where dependencies or comparisons
under a partial order must preserve the consistency of rankings.

(O -cmon)  — cone monotonicity: for any class C{*) := {C3 | s € S} of closed

and convex cones in R®such that, for any s € 5, Ri C Ci CRY,
if (21) holds, then, for any p € ]0, 1],

(p) CQ, (p)

Ux, K

Q

Ux,C)

(see Remark 5). This property ensures that whenever we transition between accep-
tance cones in a structured manner, the corresponding CQFs adjust coherently. This is
particularly relevant in multi-asset risk assessments, where different assets or portfo-
lios may be evaluated under different acceptance criteria due to regulatory or institu-
tional constraints. More generally, when risk measures are defined over cone -valued
sets of risk factors, it is essential that the quantile structure respects the hierarchy of
acceptance sets.

Proposition 5 For any random vector X, the robust lower K fgS)_ quantile function

QZ; K (+) satisfies the following monotonicity properties: (Q -pmon), (Q -noninc),
X8

(O -cmon).
In the following, we prove the three properties stated above.

Proof (Q-pmon).Let X be an arbitrary random vector, and letp, p’ € |0, 1 be such that

p < p. Hence, by (25), for any z € R?, if FMX’K;‘S)(Z) >p (e, z€ Q;X)K‘(‘S)(p')),

then, a fortiori, FUX’KAS)(Z) >pe,ze€Q (p)), which is exactly as claimed.

Ux, K\
(Q -noninc). Let X and Y be two random vectors such that X < KS Y (a.s.), and

assume (19). Then, (20) is satisfied, namely,

FquKf(;S) < FZ/{

(5)
X:KA

on R (see (F-noninc)). Thus, the thesis is immediately obtained (see (25)).
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(Q -cmon). Let X be an arbitrary random vector and, for any s € S, let C} be a
closed and convex cone with Ri C ¢} C R By virtue of (21), (22) holds true: on

RC,

FL{X,CAS) < FMX,KQS)

(see (F-cmon)). The desired conclusion is easily reached. O

Remark 8 First-order stochastic dominance (FSD) provides a way to compare ran-
dom variables based on their cumulative distribution functions. In the univariate
case, a random variable X is said to dominate another random variable Y in the sense
of FSD if, and only if, their cumulative distribution functions satisfy Fx(t) < Fy(t)
forall t € R. This condition ensures that X yields outcomes that are, in a probabilis-
tic sense, at least as favorable as those of Y.

In a structured setting, where dependencies and constraints shape the space of
admissible random variables, this principle extends naturally through a cone-based
formulation. Here, ordering relations are influenced by regulatory, portfolio, or mar-
ket-driven criteria, allowing for a refined comparison of random elements in a multi-
dimensional space. In this framework, given any random vector Y, we write

X <FspY

(wc stands for worst-case) to denote the generalized form of first- order stochastic
dominance w.r.t. the cone K. Specifically, for any z € R®,

FZ/{y,K/(xS)(Z) < FL{X,KAS)(Z)'

This formulation captures the core idea of FSD within structured environments,
offering a systematic way to assess and compare probabilistic dominance under
constraints.

Then, we point out that, for any p € 10, 1],

Q (r) CQ (p)-

Uy, K[ U, K\

The proof of this set inclusion is straightforward from (25).

Remark 9 As already stated in Sect. 2.3, the parameter p € |0, 1] governs the selec-
tiveness of the lower and upper cone quantile functions. For instance, a higher value
of p leads to a more conservative classification of top-performing alternatives, repre-
sented by Q;Q K (p). Conversely, a lower value of p yields a broader selection, which
may be preferable when decision-makers want to consider a wider set of potentially
acceptable options. Similar reasoning applies to the classification of low-performing
alternatives, represented by Q;) %, (D)
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As discussed in Hamel and Kostner (2024), a DM may wish to select (or exclude) a
specific percentage a% of best-performing (or poorly performing) alternatives from
the entire set. This can be achieved by finding the largest value of p such that

. _ mao
#{z =1,...,m:2%(a) € QXKA(p)} > —.
’ 100
Choosing p according to this inequality allows the user to select the desired number
of top alternatives. A similar approach can be used to exclude the worst a% of
alternatives.

6 Results and Discussion

In this section, we present a case study involving a MCDM problem focused on rank-
ing different portfolios. A financial advisory firm seeks to identify the most suitable
portfolios from a set of 21 alternatives, based on three key financial criteria:

e cxpected return (71): the average return a portfolio is expected to generate;
® buffer (72): measures how much a portfolio’s Value-at-Risk (VaR) falls below a
predefined maximum acceptable loss. For portfolio i:

MLacce ed — 0
buffer; = 100 x < ped — VaR )

MLaccepted

where VaR,; denotes the value-at-risk of portfolio ¢ and MLaccepted 1S the maximum
acceptable loss defined by the decision-maker;

o [iquidity (3): the ease of converting portfolio assets into cash without significant
value loss.

We begin with the case where evaluations are provided by an external expert and
the judges’ importance vectors are fixed, following the setup in Kostner (2020),
extended here to a three-dimensional context. We then explore the effects of intro-
ducing uncertainty in either the importance vectors or the criteria evaluations, and
finally, we examine the combined impact of both sources of uncertainty on the rank-
ing of alternatives.

6.1 Deterministic Criteria Evaluations and Importance Vectors

This study considers 21 portfolio alternatives evaluated across three criteria by an
external financial analyst. The evaluations are represented as:
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a¥(m, a;)
XE(CM) = |28 (y2,a;)| € R?
$E(73, a;)
where 27 (71, a;) is the evaluation of portfolio a; on criterion ~y;. Table 2 reports the

evaluations for all alternatives.

The values in Table 2 are percentage-based. Expected return (1) ranges from
0.9% to 2.9%, buffer (v2) from 0.5% to 5.9%, and liquidity (3) from 0.5% to 2.7%.
Higher values across all criteria are considered preferable.

We consider three judges, each assigning their own importance weights to the

criteria:
1.7 1.4 1.2
ol = (12|, *=|16], 3=|1.2]. (30)
1.2 1.0 0.7

Judge 1 emphasizes expected return, with equal but lower importance on buffer and
liquidity. Judge 2 gives highest priority to buffer, reflecting a preference for stability.
Judge 3 assigns generally lower weights, especially to liquidity, indicating a conser-
vative style favoring return and downside protection. These differences in prefer-
ences shape the resulting rankings.

Using the evaluations and importance vectors, we apply the MCDM framework
from Kostner (2020), which combines the individual judge rankings through the cone
distribution function to derive a collective ranking that balances all viewpoints.

We compute the cone distribution function Fx f ,(z) and the scalar distribution
Sunctions Fx ,i(z) for each judge j € {1,2,3}. The results and rankings are sum-
marized in Table 3. The cone distribution function assigns each alternative a con-
servative rank by taking the worst-case rank across all feasible directions within the
acceptance cone K 4. In contrast, the scalar distribution functions reflect the indi-
vidual rankings of each judge.

Figure 6 illustrates, in blue the lower K 4-quantile Q. -, (p) and in light red the

upper K 4-quantile Q} KA (p) for four values of p. These quantiles are computed for

the set of assessed alternatives X (reported in Table 2) and for the acceptance cone
K 4 generated by the importance vectors v, v2, and v3.

6.2 Uncertainty in Expert Evaluation and Importance Vectors

In this section, we introduce uncertainty in both the evaluations of alternatives and the
importance vectors. For illustration, we consider 6 possible perturbed scenarios, each
representing potential variations in the assessment of the 21 portfolio alternatives
across the three financial criteria. In particular, for any alternative a;, ¢ = 1,...,m,
the perturbed scenarios X" (a;), are defined as

Xﬁ(ai):X(ai)_FAn(ai)a Hzla"'aGa
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where A*(a;) is a point generated according to a uniform distribution within the
Euclidean ball centered at 0 of radius § = 0.15. This ensures that each perturbed
alternative lies within a bounded neighborhood of the original one. Figure 7 visu-
alizes the uncertainty set of the original evaluations (blue dots) and the simulated
scenarios (red dots). The light red spheres depict the uncertainty regions around each
original evaluation, reflecting possible deviations due to factors such as data limita-
tions, subjective interpretation, or changing market conditions.

We also consider three scenarios for the importance vectors. Figure 8 shows a
graphical representation of the original vectors (red) and their perturbed versions
(blue), plotted in the three-dimensional space of expected return, buffer, and liquidity.

We now analyze the effects of introducing uncertainty into the evaluation process,
examining how the results vary depending on the chosen modeling approach. By
comparing different strategies for handling uncertainty, we assess their influence on
the rankings and robustness of the alternatives. To this end, we introduce six ranking
methods, each representing a distinct treatment of uncertainty in the evaluations and/
or importance vectors, defined as follows:

Method 1 — No uncertainty The baseline approach developed by Kostner (2020)
assumes no uncertainty in either the evaluations or the importance vectors. The
ranking is based on the cone distribution function Fx ,(z),where X denotes
the deterministic evaluations. The acceptance cone K 4 is generated from fixed
importance vectors and defines the set of alternatives deemed acceptable.
Method 2 — Uncertainty in the evaluations This method introduces uncertainty in
the evaluations X while keeping the importance vectors v/ (for j = 1,2, 3) deter-
ministic. It captures variation in the performance of alternatives but assumes that
the relative importance of criteria remains fixed. Rankings are computed using
the cone distribution function Fy/, i,(2) from (11), which evaluates the worst-
case ranking across the uncertainty set Uy .

Method 3 — Uncertainty in importance vectors Here, the evaluations are determin-
istic, but the importance vectors are uncertain, reflecting variability in decision-

makers’ preferences. The ranking is computed via F. .. (s)(2), defined in (12),
A

where K f) is the robust acceptance cone generated from a family of perturbed
importance cones (see (7)). This method evaluates alternatives under the most
unfavorable weighting scenario.

Method 4 — Union-based importance vector In this case, evaluations are deter-
ministic, while the acceptance cone is generated from the union of all uncertain
importance vectors. The resulting cone K3 is the intersection of all individual
acceptance cones (sce (8)), and the ranking is based on Fx gs(z). This approach

allows for a more inclusive treatment of uncertainty, incorporating all directions
that are acceptable in at least one scenario. It provides a different way of incor-
porating uncertainty in the importance vectors, capturing a broader set of feasible
ranking directions.

Method 5 — Fully robust This method introduces uncertainty in both evaluations

and importance vectors. The ranking is computed using Fux (2), which
A
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evaluates each alternative across all combinations of uncertain evaluations and
weighting scenarios (see (9)). Further details can be found in Sect. 4.

Method 6 — Union-based importance vectors and uncertainty in evaluations This
method combines uncertainty in evaluations with the inclusive acceptance cone
K# from point 4. An alternative is considered acceptable if it is deemed accept-
able in at least one realization of uncertainty. Rankings are determined using

FUX,KE(Z) as in (11).

Table 4 reports the results of the six ranking methods applied to the 21 portfolio
alternatives. For each method, the corresponding worst-case CDF value is reported
for every alternative, along with its rank in parentheses. This enables a direct com-
parison of how different approaches to modeling uncertainty in both evaluations and
importance vectors affect the stability and reliability of decision outcomes.

The following differences can be observed in the rankings derived from the six
methods above. We observe differences in the CDF values when comparing methods
that handle uncertainty in the importance vectors differently, i.e., in Method 3 vs.
Method 4, or Method 5 vs. Method 6. In both cases, the CDF based on the union-
generated cone is consistently “flatter” than the one derived from uncertainty in the
importance vectors, meaning that in Method 4 (respectively 6), the number of alter-
natives sharing the same rank is higher than in Method 3 (respectively 5). This results
in a larger set of alternatives that are mutually indifferent and, thus, a less selective
ranking process. These trends reveal essential differences in how uncertainty is incor-
porated into the decision-making process.

We observe a consistent trend: as uncertainty increases, the CDF becomes flatter.
This effect is most evident when uncertainty is introduced in both the evaluations and
the importance vectors. As the level of uncertainty grows, the model tends to become
less decisive in ranking alternatives. This pattern is particularly evident when com-
paring different approaches:

o Ik k,(z) vs. Fuy k.(2), showing the impact of uncertainty in evaluations, with
fixed importance vectors.
® Fx k,(2) vs. Fy .(s)(2), capturing the effect of uncertain importance vectors
R

with deterministic evaluations.
® Fuyka(z) vs. F ), showing how ranking is affected when uncertainty in
LAY

importance vectors is added to evaluation uncertainty.

o Iy Kf)(z) vs. by, Kf)(z)’ comparing deterministic evaluations to uncertain

evaluations when importance vectors are already uncertain.

This case study reinforces the notion that incorporating uncertainty into the decision-
making process tends to soften the ranking structure, resulting in a greater number of
alternatives receiving similar acceptability scores. Such behavior reflects the reduced
discriminative power caused by uncertainty. The results also highlight how different
uncertainty-handling approaches influence the robustness and inclusiveness of final
rankings.

@ Springer



Robust Multivariate Quantiles in Ranking Problems

Quantile Regions Q. and @ | considering p= 0.2 Quantile Regions @ ., and @ | considering p = 0.4

3 - L v o
o : 5 Buffer 0 5
2 & -2 0
2 4 2 4 5
& 0 6 o alfer
Expected Return 8 10 Eipscied Botera 8 10 Buffer
Quantile Regions @y | and @y . considering p = 0.6 Quantile Regions ¢y i, and QF . considering p = 0.8
10
10
10
0 5
0 2 5 0
b 6 2 Q §
Expected Retur 8 1 0 2 4 0 Buffer
Expecied Behen e Buffer Fnectnd Ratarn © 8 10

Fig. 6 In blue the set Q K4 (p) and in light red the set Q; K4 (p) for p = 0.2,0.4,0.6,0.8, with

the importance cone K 4 generated by the judges v!, v2, and v3

3 :
* Original Evaluation a
* Uncertain Evaluations
2.5
L - 51 - - -
2 ?
. . »
ey ™ ; 2
== 3 . o
215 s . _
g e .
— - -
1 -
L ]
0.5 »
1]
3]
4 3
Buffer 2 0o 1 15 2 3

Exnpected Return

Fig.7 Visualization of uncertain evaluations in the three-dimensional criterion space

We now analyse how uncertainty affects the quantile boundaries used to classify
alternatives. In particular, we investigate how the lower and upper quantiles of the
evaluations change when uncertainty is introduced in both the importance vectors
and the evaluation criteria. These quantiles provide insight into the range of potential
performance outcomes and help clarify how different sources of uncertainty shape
the decision-making process.

In the absence of uncertainty, the evaluations of the alternatives, reported in
Table 2, are provided by a single external expert, while the importance vectors, given
in Eq. 30, are fixed and determined by three judges. Following the method proposed
in Kostner (2020), we compute and plot the upper and lower quantiles for various
levels of p. When uncertainty is introduced, we consider multiple scenarios: Fig. 7
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illustrates scenarios for the evaluations, and Fig. 8 shows those for the importance
vectors. Our analysis follows the robust quantile methodology outlined in Sect. 4.2.

Figures 9 and 10 show the impact of uncertainty on the upper and lower quantiles,
respectively. These robust quantiles incorporate uncertainty in both the evaluation
criteria and the importance vectors. Each figure presents results for four values of p,
specifically p = {0.2,0.4, 0.6, 0.8}, allowing us to assess how uncertainty influences
the range of possible outcomes.

In Fig. 9, the transparent region outlined by red boundary lines represents the
upper quantile Q} K, under no uncertainty. The robust upper quantile QZX K59

A

which accounts for uncertainty, is shown as a light red shaded region (refer to (24)).
The difference between these regions highlights the effect of uncertainty on identify-
ing the worst-performing alternatives. For all values of p, the robust upper quantile
shifts downward, implying that uncertainty leads to a stricter classification of poorly
performing alternatives. This suggests that alternatives previously viewed as poor
performers may be reassessed as more acceptable under uncertainty, due to the mod-
el’s consideration of potential variability in evaluations.

Similarly, Fig. 10 illustrates the impact of uncertainty on the lower quantile for four
different levels of p = {0.2,0.4,0.6,0.8 }. Each subplot compares the non-robust
lower quantile QY f,, depicted as a transparent region outlined by blue bound-

ary lines, with the robust lower K f(xs)—quantile function QZ; e shown as a light
XS 4
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blue shaded area (see (24)). The results show that as p increases, the lower quantile
becomes more selective, retaining only the most favorable alternatives. Conversely,
for smaller values of p, the lower quantile expands, including a broader set of alter-
natives as potential best performers. Across all values of p, the robust lower quantile
consistently includes fewer alternatives than the non-robust version, emphasizing the
more stringent selection process induced by uncertainty. This behavior reflects the
increasing conservatism of the evaluation process under uncertainty, making it more
challenging for alternatives to consistently qualify among the best.

Tables 5 and 6 compare the alternatives included in the lower and upper quantiles
across different values of p, under both the non-uncertainty and robust approaches.
For higher values of p (e.g., p = 0.6, 0.8), the lower quantile becomes more selec-
tive, identifying only top-performing alternatives (Table 5). As p decreases, the
lower quantile expands, reflecting a less conservative evaluation. Across all p lev-
els, the robust lower quantile includes fewer alternatives with respect to the baseline
approach, highlighting a more cautious selection process under uncertainty. Alterna-
tives a17, a19, and ag; consistently appear as robust top performers. These results are
consistent with the trends observed in Fig. 10.

For the upper quantile, smaller p values (e.g., p = 0.2) lead to a more restrictive
classification of poorly performing alternatives (Table 6). As p increases, the quan-
tile expands, incorporating more alternatives that might be at risk of lower evalua-
tions. This behavior aligns with the cone quantile framework described in Kostner
(2020), where increasing p leads to a broader set of alternatives classified within
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the quantile. The robust set-quantile is generally more selective than the set-quantile
without uncertainty, as the former approach includes fewer alternatives classified as
poor-performing. This reflects the fact that under the robust approach, the selection
process accounts for worst-case evaluations, making it stricter in identifying truly
poor-performing alternatives. Finally, alternatives such as as, a7, and a15 appear con-
sistently, suggesting they are persistently among the lowest-ranked options, regard-
less of the levels of conservatism considered. These findings align with the patterns
shown in Fig. 9.

These results highlight how uncertainty influences both the upper and lower quan-
tiles of the evaluations. In particular, incorporating uncertainty shifts the quantile
boundaries, which can significantly affect the ranking of alternatives. These varia-
tions underscore the importance of accounting for uncertainty to ensure a more robust
and reliable decision-making process.

7 Conclusions

This paper proposes a robust quantile-based method for ranking alternatives under
uncertainty, extending the framework introduced by Kostner (2020). Our approach
incorporates uncertainty in both the evaluation criteria and the importance vectors,
resulting in a more comprehensive and risk-aware decision-making process. By ana-
lyzing worst-case cumulative distribution functions (CDFs), we obtained quantile
regions that characterize the performance of alternatives across different levels of
conservatism.

The methodology allows for flexible modeling of uncertainty, supporting both
traditional deterministic settings and robust scenarios. In particular, we examined
six alternative strategies for incorporating uncertainty, distinguishing between
approaches that use the intersection or union of acceptance cones when aggregating
uncertain importance vectors. This comparison revealed that the way uncertainty is
treated has a significant impact on the resulting rankings.

The case study confirms key trends: intersection-based methods (e.g., using K35)
yield steeper CDFs and more selective rankings, while union-based methods (e.g.,

using K f)) produce flatter CDFs and broader classifications. Increasing uncertainty
consistently leads to flatter CDFs and less discriminative rankings. This trend dem-
onstrates how uncertainty influences the robustness and inclusiveness of the deci-
sion-making outcomes. It also underscores the importance of carefully selecting the
uncertainty model based on the decision-maker’s risk preferences.

Overall, the proposed framework provides a structured and interpretable approach
for incorporating uncertainty into multi-criteria ranking problems. It enables deci-
sion-makers to balance robustness and inclusivity while accounting for variability in
both data and preference structures. Future research could investigate the integration
of this framework with machine-learning-based methods for estimating uncertainty,
compare its performance with alternative robust MCDM approaches, or explore its
applicability to complex decision environments such as financial risk control, health-
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care resource allocation, urban development, and ecological management, where
decision robustness is critical.
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