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Abstract
This paper addresses the issue of time inconsistency in recursive stochastic con-
trol problems, in which the forward state process evolves under the influence of
an additional recursive utility system. Through an adaptation of Ekeland’s vari-
ational principle, we establish necessary conditions for subgame-perfect (Nash)
equilibrium strategies, formulated in terms of a Hamiltonian framework defined
via coupled backward stochastic differential equations. To illustrate the scope of
the results, we consider a constrained portfolio management problem with a fi-
nite deterministic horizon and non-exponential discounting, demonstrating the
applicability of the proposed methodology in a financial context. The class of ad-
missible constraints examined includes, in particular, the imposition of risk limits
on the terminal wealth.

Keywords: constraint, equilibrium strategy, maximum principle, recursive stochastic
control problem, time inconsistency.
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1 Introduction
The primary objective of this paper is to derive necessary conditions ensuring

the existence of equilibrium strategies of closed-loop (or feedback) type in time-
inconsistent recursive stochastic control problems subject to suitable constraints, with
particular attention to their potential applications in financial decision models. In
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this vein, the present work extends the unconstrained analysis of [33] by incorpo-
rating state-dependent constraints through an additional recursive utility, thereby
introducing a new layer of coupling between the control and the utility dynamics.

A closed-loop equilibrium control can be formally described as a state-feedback
mapping that assigns, at each time, an admissible control action depending on the
current state of the system. This structure allows the controller to adjust decisions
dynamically as the state evolves, independently of the initial condition, and is particu-
larly advantageous in uncertain or fluctuating environments. By contrast, an open-loop
equilibrium strategy is determined once and for all at the initial time, depending solely
on the starting state, and does not adapt to subsequent changes in the system. We
refer the reader to [43] and [20] for a detailed comparative discussion.

In this perspective, time inconsistency refers to the failure of Bellman’s principle
of optimality and, consequently, of the standard dynamic programming framework.
Heuristically, it arises whenever the preferences or objective of a decision-maker evolve
over time, so that an action deemed optimal at a given moment may no longer be
regarded as optimal from a later standpoint. The resulting lack of intertemporal
alignment prevents the problem from being solved through classical dynamic pro-
gramming techniques, since the optimal strategy cannot be preserved across different
time instants. This phenomenon has been extensively investigated in the foundational
works of Ekeland and coauthors, [9, 12, 13], where the focus lies on unconstrained
time-inconsistent stochastic control problems.

In those contributions, the notion of optimality is replaced by the concept of sub-
game-perfect equilibrium, while the stochastic Pontryagin-type maximum principle—
in the sense of the seminal work [48]—provides an analytical foundation ensuring
time consistency in the classical linear-quadratic and Merton-type portfolio settings,
leading to characterizations of possibly non-unique equilibria. This research direction
has since evolved into a well-developed literature encompassing both stochastic and
deterministic formulations of time-inconsistent control. We refer, among others, to [1–
3, 28, 29, 34, 47] for the stochastic case, and to [10, 11, 38, 41] for deterministic
counterparts.

A substantial body of research has been devoted to time-inconsistent control prob-
lems and to the derivation of necessary conditions ensuring the existence of equilibrium
strategies; see, for instance, [43]. These studies are of significant importance, since
many practical models in optimization and control inherently exhibit time inconsis-
tency. In the present work, we extend these principles by establishing a generalized
maximum principle for a constrained recursive utility optimization problem with non-
exponential discounting. Our contribution advances the existing literature in two
main directions: first, by incorporating recursive utilities into the time-inconsistent
framework; and second, by explicitly accounting for constraints.

The analysis is framed in terms of a class of evolutionary equations, either forward
or backward in time, leading to performance functionals that depend on fixed initial
parameters. This formulation is conceptually analogous, for instance, to that adopted
in [43]. A markedly different yet complementary viewpoint is offered in [20], where the
analysis is developed within the broader setting of backward stochastic Volterra in-
tegral equations. The resolution of such equations requires studying processes known
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as diagonal processes, allowing both temporal arguments to vary simultaneously. Al-
though this approach is more general and extends beyond the techniques employed
here, to the best of our knowledge the present study represents the first attempt to
address the constrained case within a time-inconsistent framework of this type.

A complementary line of research has recently developed an extended dynamic
programming principle for sophisticated agents in non-Markovian settings. In par-
ticular, [21] introduces a game-theoretic framework leading to a rigorous dynamic
programming formulation and a characterization of equilibria through an infinite
family of backward stochastic differential equations (BSDEs), in analogy to the
classical Hamilton–Jacobi–Bellman approach, and is further extended in [22] to a fi-
nite-horizon moral hazard problem with a time-inconsistent agent, unveiling a novel
class of control problems with Volterra-type features and infinite-dimensional con-
straints. These works provide a dynamic-programming perspective distinct from the
maximum-principle approach pursued in the present study.

The paper focuses on the constrained case, which constitutes the most techni-
cally demanding component of the investigation, and builds upon the unconstrained
framework developed in [13] and, more recently, in [33]. In particular, [33] investigates
equilibrium strategies for recursive stochastic control problems in the absence of ad-
ditional constraints, extending the classical spike variation technique to a recursive
setting. The resulting formulation provides both necessary and sufficient equilibrium
conditions expressed through a second-order Hamiltonian function defined via back-
ward stochastic differential equations, incorporating first- and second-order adjoint
equations. For a comprehensive overview of the existing literature on this topic, we
refer to [33] and the references therein, including [9], [13], and [26] (see also [7], [16],
and [15]).

The constrained formulation under consideration arises from the introduction
of an additional utility, leading to an auxiliary recursive system that imposes a
state-dependent restriction on the control process. To tackle this problem, we adapt
Ekeland’s variational principle, discussed in [8], within a penalization framework.
Specifically, we first apply the analytical techniques developed in [33] to derive neces-
sary equilibrium conditions for a sequence of unconstrained approximating problems.
The corresponding conditions for the original constrained problem are then recovered
by passing to the limit under appropriate boundedness assumptions. An essential tech-
nical step in this construction involves the use of the distance function associated with
a closed subset of the Euclidean space.

In this setting, we also establish a transversality-type condition. Owing to the
distinctive structure of the framework, no definitive information can be obtained re-
garding the sign of the scalar multiplier. As a consequence, the classical expression of
the Hamiltonian function cannot be directly retrieved within this constrained frame-
work. Although this limitation formally departs from the classical form one would
expect for the necessary conditions, it does not reduce their analytical content, as the
equilibrium system remains fully characterized through the adjoint equations and the
generalized Hamiltonian inequality.

3



In contrast, such indeterminacy is absent in the unconstrained framework explored
in [33], where no Lagrange multiplier emerges and the transversality condition re-
tains its classical form. The introduction of a genuine scalar multiplier in the present
formulation thus marks a structural departure from that earlier setting.

Rather, it prevents a straightforward reduction to the standard Lagrange-multiplier
representation commonly available in classical constrained stochastic control, where,
under suitable qualification assumptions, the scalar multiplier can be chosen with a
definite sign. In our framework, the indeterminacy of its value originates from the
recursive coupling introduced by the auxiliary utility system and the resulting time-
inconsistent structure, which break the monotonicity mechanisms that typically ensure
sign definiteness. This singular feature not only reflects the intrinsic asymmetry of the
recursive formulation, but also highlights the genuinely novel aspect of our contribu-
tion, where the constrained and recursive structures are jointly incorporated into a
time-inconsistent equilibrium model.

Identifying structural conditions that recover sign definiteness—such as monotonic-
ity of the BSDE driver with respect to the utility variable, comparison properties, or
convexity/qualification assumptions tailored to the recursive constraint—remains an
open and promising direction for further investigation.

Under suitable assumptions, our analysis also encompasses the case in which the
constraint takes the form of a risk constraint. In this context, the additional recur-
sive utility can be naturally interpreted as a dynamic risk measure induced by a
g-expectation, following [40]; see also [19], [30], [46], and [36]. More generally, the pro-
posed framework may allow for a broad class of admissible constraints. For instance,
one may impose a pointwise constraint on the state process at the terminal time, as
in [31] and [49]. Alternatively, the constraint may involve the expected value of a func-
tion of the terminal state, as in [17], where local minimizers, Clarke’s tangent cone,
and first- and second-order adjacent cones are employed. For additional insights and
related developments, we refer to [42], [45], and [44].

Research on portfolio optimization problems involving recursive utilities and con-
straints under time inconsistency is still at a relatively early stage of development.
For valuable contributions in this direction, we refer to [14], which investigates bond
portfolios; [27] and [4], which employ martingale methods; [37] and [35], focusing on
constant relative risk aversion (CRRA) preferences; and [24, 25], concerning optimal
design.

To conclude, the final illustrative portfolio problem is amenable to numerical im-
plementation. Its formulation, grounded in the proposed recursive and constrained
framework, appears to lend itself to computational treatment through discretization
or iterative schemes for the associated adjoint systems. This potential for algorith-
mic realization underscores the practical significance of the approach and its ability
to connect rigorous analysis with realistic decision models. Nonetheless, such aspects
are intentionally left beyond the present scope of the study.

The remainder of the paper is organized as follows. Section 2 revisits the notions
of admissible controls and subgame-perfect equilibrium policies, providing the frame-
work for the formulation of the constrained problems. Section 3 presents the main
theoretical results, where necessary conditions for the constrained problem are derived
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using a generalized maximum principle, with detailed discussions of the methodol-
ogy, including adjoint equations and penalty functionals; notably, these remain valid
regardless of the boundedness of the control domain. Section 4 illustrates the appli-
cability of the theory by means of a portfolio management example, thereby bridging
the abstract analysis with a concrete financial setting. Finally, Section 5 summarizes
the main contributions and outlines directions for future research.

2 Control problems under constraints
To introduce the constrained control problem—Problem 1—and set the stage for

the main result—Theorem 1—we briefly recall some key elements from our earlier
work [33], which develops the analysis in the unconstrained setting. This serves both to
ensure self-containment and to highlight the methodological foundations upon which
the present constrained framework is built.

We consider T ∈ ]0,∞[ as a deterministic horizon and (Ω,F ,P) as a complete
probability space carrying a one-dimensional Brownian motion W = (W (t))t∈[0,T ].
Let F = (Ft)t∈[0,T ] denote the completed filtration generated by W, with the as-
sumption that FT = F, so that the filtered space (Ω,F ,F,P) satisfies the usual
conditions. For clarity of exposition, we restrict attention to the one-dimensional
state setting. The multidimensional extension entails no essential difficulty—only no-
tational modifications—and can be handled by adapting the same arguments; see, for
instance, [26].

We also fix n ∈ N∗ and specify a control domain U ∈ B(Rn) \ {∅}, that is, a
nonempty Borel subset of Rn, and designate an initial instant t ∈ [0, T [. For each t ∈
[0, T [, any stochastic differential equation (SDE)—either forward (FSDE) or backward
(BSDE)—together with its corresponding adapted solutions, is considered over the
domain [t, T ]× Ω.

For a suitable p ∈ [2,∞[ (cf. [26, Introduction] for details), we denote by U [t, T ]
the class of processes u( · ) ∈ LpF(t, T ;Rn) that are U -valued, referring to any u( · )
of U [t, T ] as an admissible control. Here, LpF(t, T ;Rn) stands for the Banach space of
Rn-valued (Fs)s∈[t,T ]-progressively measurable processes Z(·) on [t, T ]×Ω satisfying

E

∫ T

t

|Z(s)|pds <∞,

where, as is typically done, E[ · ] represents the expectation operator with respect to
P, acting on a (P-integrable) real-valued F-measurable random variable on Ω.

Let us fix four deterministic maps

b, σ : [0, T ]× R× U → R,

g : [0, T ]× R× U × R× R× [0, T [→ R,
and

h : R× [0, T [→ R,
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such that the following assumption holds. These conditions are primarily meant to
guarantee the well-posedness of all the stochastic equations arising in the framework
developed in the sequel; refer to [26].
Assumption 1. The functions b, σ, g, h are continuous with respect to all their re-
spective variables. For any t ∈ [0, T [, there exists a constant Kt ∈ ]0,∞[ such that,
for every mapping ϕ(s, x,u, y, z; t) among b(s, x,u), σ(s, x,u), g(s, x,u, y, z; t), and
h(x; t), and for all s ∈ [t, T ], u ∈ U, and x, y, z ∈ R, the linear growth condition

|ϕ(s, x,u, y, z; t)| ≤ Kt

(
1 + |x|+ |u|+ |y|+ |z|

)
holds. Moreover, the functions b, σ, h are of (differentiability) class C2 with respect to
the variable x ∈ R. Their first- and second-order partial derivatives, bx, bxx, σx, σxx,
are bounded on [t, T ]×R×U and continuous with respect to (x,u) ∈ R×U. Similarly,
the derivatives hx, hxx are bounded and continuous on R. In addition, for each fixed
t, the function g(· ; t) is of class C2 with respect to (x, y, z) ∈ R3; its gradient Dg(· ; t)
and Hessian matrix D2g( · ; t), both taken with respect to (x, y, z), are bounded on
[t, T ]× R× U × R× R and continuous with respect to (x,u, y, z) ∈ R× U × R× R.
Remark 1. Assumption 1 is satisfied by linear maps, on their natural domains, such
as those arising in the illustrative example of Section 4, which concerns a portfolio
optimization problem with constraint. By contrast, this assumption may fail to hold
in more general settings. For instance, in the one-dimensional case (n = 1), a “ toy”
diffusion coefficient σ of the form

σ(s, x,u) = s+ |x|1/2 + u, (s, x,u) ∈ [0, T ]× R× U,

does not meet the required smoothness and boundedness properties as the state variable
approaches zero, that is, for x = 0, regardless of s and u.

Next, we fix a state domain A ⊆ R, assumed to be a nonempty open interval. For
any t ∈ [0, T [, a ∈ A, and u(·) ∈ U [t, T ], the FBSDE

dx(s) = b(s, x(s),u(s))ds+ σ(s, x(s),u(s))dW (s),

dy(s; t) = −g(s, x(s),u(s), y(s; t), z(s; t); t)ds+ z(s; t)dW (s),

x(t) = a, y(T ; t) = h(x(T ); t),

(1)

represents a recursive stochastic control problem. If (x(·), y(· ; t), z(· ; t)) is a solution
to (1) belonging to L2

F(t, T ;R) × L2
F(Ω; C([t, T ];R)) × L2

F(t, T ;R), then the quadru-
ple (u( · ), x( · ), y( · ; t), z( · ; t)) is called admissible, or equivalently feasible. Here,
L2
F(Ω; C([t, T ];R)) denotes the space of real-valued, (Fs)s∈[t,T ]-adapted processes Z(·)

on [t, T ]× Ω with (P-a.s.) continuous paths and such that

E sup
s∈[t,T ]

Z2(s)<∞.
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If Assumption 1 holds, then for any t ∈ [0, T [, a ∈ A, and u(·) ∈ U [t, T ], there
exists a unique strong solution

(x(·), y(· ; t), z(· ; t)) ∈ L2
F(Ω; C([t, T ];R))

2× L2
F(t, T ;R)

to (1), as established in Proposition 1 of [33]. Furthermore, y(t ; t) is a deterministic
constant (whereas z(t; t) is generally not); see Remark 4.3 in [6] and Remark 10 in [33].

In this case, we define the (dis)utility or cost functional J(· ; t, a) : U [t, T ]→ R by

J(u(·); t, a)
.
= y(t; t) = E

[∫ T

t

g(s, x(s),u(s), y(s; t), z(s; t); t) ds+ h(x(T ); t)

]
. (2)

From now on, we assume that, for any t ∈ [0, T [, u( · ) ∈ U [t, T ], a ∈ A, and
s ∈ [t, T ] (and P-a.s.),

x(s) ≡ xt,a,u(s) ∈ A. (3)
Here, we do not interpret the state domain A as a strict state constraint. Rather, it
is essentially regarded as a natural range of the generic admissible state process x(·).
In particular, A may be viewed as depending on the length of the time horizon T.
Ultimately, we may always resort to taking

A = R.

We emphasize that the present condition (3) does not yet constitute the effective
constraint underlying our analysis, which will instead emerge later, grounded in
the concept of equilibrium controls (Definition 1) and embodied in condition (9)
(Definition 2).

It is important to highlight the distinct role played by the two time indices t and
s in our formulation. The parameter t ∈ [0, T [ designates the initial time at which the
control problem is posed; together with the initial state a ∈ A, it specifies the starting
point of the forward–backward system. By contrast, the variable s ∈ [t, T ] represents
the current time along the trajectories of the state and of the auxiliary processes that
will later serve as adjoints.

This asymmetry is fundamental in time-inconsistent problems, and is precisely
what gives rise to an intertemporal misalignment: while s evolves forward dynamically,
the performance functional J( · ; t, a) preserves its dependence on the initial time t,
thereby capturing the recursive nature of the evaluation. Consequently, the preferences
encoded at t do not, in general, coincide with those that a decision-maker at a later
time s > t would adopt if the problem were reassessed from that vantage point.

In view of the above, we adopt the notion of subgame-perfect equilibrium policies,
as formalized in Definition 3.2 of [13] and subsequently reformulated in Definition 7
of [33], with only notational adjustments to fit our recursive setting.
Definition 1 (Equilibrium policy/control/pair/quadruple). A (subgame-perfect)
equilibrium policy is a measurable map Φ : [0, T ]×A→ U such that, for any t ∈ [0, T [

7



and a ∈ A, there exists a unique A-valued solution

x̄(·) := xt,a,Φ(·) ∈ L2
F(t, T ;R)

to the closed-loop FSDE{
dx(s) = b

(
s, x(s),Φ(s, x(s))

)
ds+ σ

(
s, x(s),Φ(s, x(s))

)
dW (s),

x(t) = a.

Moreover, setting
ū(·) .

= Φ(· , x̄(·)) ∈ U [t, T ],

it is required that, for any u(·) ∈ U [t, T ],

lim inf
ε↓0

J(ūε(·); t, a)− J(ū(·); t, a)

ε
≥ 0, (4)

where, as ε ↓ 0,
ūε

.
= ū+ (u− ū)1Iε

t

is the spike (or needle) variation of ū(·) with respect to u(·), and

I εt := [t, t+ ε]. (5)

Here, and throughout the paper, 1E(·) denotes the indicator function of a measurable
set E belonging to an arbitrary σ-algebra. By construction, it follows that ūε(·) also
belongs to U [t, T ]. In this terminology, we refer to ū(·) as an equilibrium control (or
strategy); to (ū(·), x̄(·)) as an equilibrium pair; and to (ū(·), x̄(·), ȳ(· ; t), z̄(· ; t)) as an
equilibrium quadruple.

As widely recognized in the literature, the uniqueness of an equilibrium policy,
control, pair, or quadruple, should it exist, can in general not be guaranteed; see,
among others, [32] and the references therein. In the present framework, the recursive
constraint narrows the admissible domain and may thus serve as an implicit mechanism
of selection, whereas a systematic treatment of equilibrium multiplicity would require
a distinct line of investigation and therefore lies beyond the scope of this paper.
Definition 2 (State constraint). Fix two deterministic maps

g : [0, T ]×A× U × R× R× [0, T [→ R, h : A× [0, T [→ R (6)

which satisfies conditions analogous to those in Assumption 1, with g and h standing
as counterparts of g and h (leaving b and σ unchanged). For any t ∈ [0, T [ and a ∈ A,
let Γt,a ⊂ R be a nonempty closed interval, referred to as the (dis)utility domain. For
each u(·) ∈ U [t, T ], let x(·) = xt,a,u(·) be the corresponding state process, and

y(· ; t) ∈ L2
F(Ω; C([t, T ];R))
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be the admissible solution to{
dy(s; t) = −g(s, x(s),u(s),y(s; t), z(s; t); t)ds+ z(s; t)dW (s),

y(T ; t) = h(x(T ); t).
(7)

Define the associated (recursive) utility functional J(· ; t, a) : U [t, T ]→ R by

J(u(·); t, a)
.
= y(t; t) = E

[∫ T

t

g(s, x(s),u(s),y(s; t), z(s; t); t) ds+ h(x(T ); t)

]
. (8)

We say that the pair (u(·), x(·)) satisfies the state constraint (or is subject to the state
constraint) if, and only if,

J(u(·); t, a) ∈ Γt,a , (9)
and we call condition (9) the state constraint for (u(·), x(·)).

Concerning the well-posedness of BSDE (7) and consequently J(· ; t, a) in (8), it is
to be observed that the domain of the function g as specified in (6) is fully consistent
with assumption (3), recalling that this guarantees x(s) = xt,a,u(s) ∈ A (P-a.s.) for
all admissible choices of the parameters involved.

The constraint condition (9) is imposed on J(· ; t, a) in (8) and not directly on any
state process x(·). The mild abuse of terminology in referring to (9) in this sense is
motivated by [48, Chap. 3, Sect. 6], since J(· ; t, a) can be regarded as a real-valued
generalized Bolza-type functional. Naturally, one should be aware that the condition
ultimately constrains the control u(·).

The state constraint (9) applies only to the pair (u(·), x(·)) and does not involve the
whole quadruple (u(·), x(·), y(· ; t), z(· ; t)). In other words, it restricts the admissibility
of the control u( · ) and the corresponding state process x( · ), while the backward
components y( · ; t) and z( · ; t) are left unconstrained. This highlights an intrinsic
imbalance between the forward and backward parts of the system.

Alongside its abstract formulation, condition (9) attains practical relevance in
applied settings, as illustrated by the following construction.
Example 1. For any fixed t ∈ [0, T [, a ∈ A, and u( · ) ∈ U [t, T ], the BSDE (7)
together with J(u(·); t, a) admits a natural interpretation in terms of a scalar (static)
risk measure in the sense of [40]. More precisely, if h(· ; t) coincides with the identity
map on A, then BSDE (7) can equivalently be written as{

−dy(s; t) = g̃(s,y(s; t), z(s; t); t)ds− z(s; t)dW (s),

y(T ; t) = x(T ),

where x(T ) still depends on u(·). Thus, following the approach of [40], a constraint
condition of the form

J(u(·); t, a) ≡ y(t; t) ≤ κt,a, κt,a ∈ R
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(that is, condition (9) with Γt,a a right-closed ray) amounts to a risk constraint
induced by a g-expectation, provided that the driver g̃ satisfies suitable structural
conditions. A classical instance is given by the entropic risk measure; see, e.g., [18].

We are now in a position to articulate the central control problem under consid-
eration. The objective is to describe equilibrium pairs that, besides adhering to the
recursive dynamics, also comply with condition (9).
Problem 1. For any t ∈ [0, T [ and a ∈ A, determine necessary conditions for an
equilibrium pair (ū(·), x̄t,a,ū(·)) satisfying the state constraint (9).

Our examination of Problem 1, along with its resolution yielding a maximum
principle (variant), will form the core of the next section.

3 Main result: a maximum principle
We address Problem 1 by extending to the present setting the analytical procedure

developed in [48, Chap. 3, Sect. 6], under the assumptions introduced in the previous
section. This requires revisiting the classical variational arguments and adjoint struc-
tures within a broader recursive and constrained formulation, thereby adapting the
stochastic maximum principle to the present equilibrium framework.

3.1 Statement of the main theorem
To proceed, we introduce the generalized Hamiltonian function associated with b,

σ, and g, following the construction on page 18 of [26] and Definitions 12–13 in [33].
For any s ∈ [0, T ], u, ū ∈ U, x, y, z, ξ, ϑ,Ξ ∈ R, t ∈ [0, T [, and ā ∈ A, we define

H(s, x,u, y, z, ξ, ϑ,Ξ; t, ā, ū)
.
= ξb(s, x,u) + ϑσ(s, x,u)

+ g(s, x,u, y, z + ξ [σ(s, x,u)− σ(s, ā, ū)]; t)

+ 1
2 Ξ[σ(s, x,u)− σ(s, ā, ū)]

2
. (10)

For any fixed t ∈ [0, T [ and a ∈ A, let (ū(·), x̄(·), ȳ(· ; t), z̄(· ; t)) denote an admissible
quadruple. Following the notation in [26], for any map ϕ(s, x,u) representing b(s, x,u),
σ(s, x,u), or their derivatives, and for s ∈ [t, T ] (and P-a.s.), we set

ϕ(s) := ϕ(s, x̄(s), ū(s)), δϕ(s) := ϕ(s, x̄(s),u(s))− ϕ(s),

where u(·) ∈ U [t, T ] is arbitrary. Similarly, for any map ϕ(s, x,u, y, z; t) standing for
f(s, x,u, y, z; t) or its derivatives, and for s ∈ [t, T ] (and P-a.s.), we write

ϕ(s; t) := ϕ(s, x̄(s), ū(s), ȳ(s; t), z̄(s; t); t).

Hence, we introduce the following two adjoint equations:{
dξ(s; t) = −f(s, ξ(s; t), ϑ(s; t); t)ds+ ϑ(s; t)dW (s),

ξ(T ; t) = hx(x̄(T ); t),
(11)
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where

f(s, ξ, ϑ; t) :=
[
bx(s) + gz(s; t)σx(s) + gy(s; t)

]
ξ +

[
σx(s) + gz(s; t)

]
ϑ+ gx(s; t), (12)

and {
dΞ(s; t) = −F (s,Ξ(s; t),Θ(s; t); t)ds+ Θ(s; t)dW (s),

Ξ(T ; t) = hxx(x̄(T ); t),
(13)

where

F (s,Ξ,Θ; t) :=
[
2bx(s) + σx(s)

2
+ 2gz(s; t)σx(s) + gy(s; t)

]
Ξ

+
[
2σx(s) + gz(s; t)

]
Θ + bxx(s)ξ(s; t) + σxx(s)

[
gz(s; t)ξ(s; t) + ϑ(s; t)

]
+
(
1, ξ(s; t), σx(s)ξ(s; t) + ϑ(s; t)

)
·D2g(s; t) ·

(
1, ξ(s; t), σx(s)ξ(s; t) + ϑ(s; t)

)T
. (14)

Equations (11) and (13), both linear BSDEs, give rise to the first- and
second-order adjoint equations/processes associated with the admissible quadruple
(ū(·), x̄(·), ȳ(· ; t), z̄(· ; t)). The existence, uniqueness, and regularity of these processes
follow from Proposition 3 and Remark 20 in [33].
Notation 1. For any t ∈ [0, T [, a ∈ A, an admissible quadruple
(ū(·), x̄(·), ȳ(· ; t), z̄(· ; t)), u ∈ U, and s ∈ [t, T ], we define, P-a.s.,

δH(s; t,u) := H(s, x̄(s),u, ȳ(s; t), z̄(s; t), ξ(s; t), ϑ(s; t),Ξ(s; t); t, x̄(s), ū(s))

−H(s, x̄(s), ū(s), ȳ(s; t), z̄(s; t), ξ(s; t), ϑ(s; t),Ξ(s; t); t, x̄(s), ū(s)). (15)

We are now in a position to state the main result of this section, formulated with
reference to Definition 2 and the related annexes. The proof is given in Subsection 3.2
below and is developed through several structured steps.
Theorem 1 (Maximum principle). Suppose that U is bounded. Let
(ū(·), x̄(·), ȳ(· ; t), z̄(· ; t)) be an equilibrium quadruple such that the pair (ū(·), x̄(·))
is subject to the state constraint:

J(ū(·); t, a) = ȳ(t; t) ∈ Γt,a . (16)

Then, there exist two multipliers ψ ≡ ψt,a,Γt,a ,ψ ≡ ψt,a,Γt,a ∈ [−1, 1], satisfying

ψ2 +ψ2 = 1, (17)

such that the following two conditions hold.
1. (Transversality condition). For any v̄ ∈ Γt,a,

ψ
[
v̄ − J(ū(·); t, a)

]
≤ 0. (18)

2. (Maximum condition). Let δH(· ; t, -) and δH(· ; t, -) be defined with respect to the
quadruples (ū( ·), x̄( ·), ȳ( · ; t), z̄( · ; t)) and (ū( ·), x̄( ·), ȳ( · ; t), z̄( · ; t)), respectively.
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Then, for any u ∈ U (and P-a.s.),

ψδH(t; t,u) +ψ δH(t; t,u) ≥ 0. (19)

Theorem 1 conveys several structural implications concerning the interpretation of
the multipliers ψ and ψ. Equality (17) ensures that they cannot vanish simultaneously.
Whenever ψ 6= 0 (that is, |ψ| < 1), we may say that the qualification condition holds.

The transversality condition (18) provides a clear geometric insight: for any v̄ ∈
Γt,a, the quantities ψ and v̄ − J(ū(·); t, a) have opposite signs. Hence, the sign of ψ
determines the position of ȳ(t; t) within the utility domain Γt,a (see (16)). Specifically,
if ψ 6= 0 (i.e., |ψ | < 1), the following two cases occur.

ȳ(t; t) ≡ J(ū(·); t, a) =

{
min Γt,a, if ψ < 0,
max Γt,a, if ψ > 0.

Conversely,

ȳ(t; t) = min Γt,a =⇒ ψ ≤ 0, ȳ(t; t) = max Γt,a =⇒ ψ ≥ 0. (20)

In this sense, ψ not only serves as a multiplier but also as a directional indicator of
the boundary of the utility domain.

When |ψ | = 1 (ψ = 0), inequality (19) reduces to the necessary condition part of
the maximum principle in [33] (Theorem 1). The state constraint becomes inactive,
and the problem coincides with its unconstrained counterpart. More precisely, ψ = −1
yields δH(t; t,u) = 0 (P-a.s.) for every u ∈ U, which is equivalent to the lim inf term
in (4) being equal to zero.

Further information on the sign of ψ can be obtained through the analysis of
local perturbations of the Hamiltonians. If there exists u∗ ∈ U, which may depend on
t ∈ [0, T [ or a ∈ A, such that either

δH(t; t,u∗) < 0

or
δH(t; t,u∗) > 0

(P-a.s.), then

ψ ≤ −ψ δH(t; t,u∗)

δH(t; t,u∗)
or

ψ ≥ −ψ δH(t; t,u∗)

δH(t; t,u∗)

(P-a.s.), respectively. In this case, if in addition δH(t; t,u∗) = 0 (P-a.s.), then

δH(t; t,u∗) < 0 =⇒ ψ ≤ 0, δH(t; t,u∗) > 0 =⇒ ψ ≥ 0.

12



Combining this with (20) yields
δH(t; t,u∗) = 0

δH(t; t,u∗) < 0

ȳ(t; t) = max Γt,a

∨


δH(t; t,u∗) = 0

δH(t; t,u∗) > 0

ȳ(t; t) = min Γt,a

=⇒ ψ = 0.

Theorem 1 provides necessary optimality conditions formulated with respect to
a fixed equilibrium quadruple, rather than addressing the uniqueness of equilibrium
controls. A refined notion of local uniqueness will be introduced later, under Assump-
tion 2; its comprehension naturally benefits from a close reading of the forthcoming
proof.

Finally, the case of an unbounded control domain calls for particular attention and
will be examined in Corollary 4, whose proof is presented in Subsection 3.3.

The following subsection is devoted in full to the proof of Theorem 1.

3.2 Proof of Theorem 1
We begin by restating the notion introduced in Lemma 6.4 of [48, Chap. 3, Sect. 6],

for completeness.
Definition 3 (Metric d on U [t, T ]). Fix t ∈ [0, T [. Define d :

(
U [t, T ]

)2→ [0, T−t[ by

d(u(·), û(·)) .
= (m⊗P)

[
{(s, ω) ∈ [t, T ]× Ω | u(s, ω) 6= û(s, ω)}

]
= E

∫ T

t

1{u(·) 6=û(·)}(s, ω)ds,
(21)

where m denotes the one-dimensional Lebesgue measure on B(R).
By construction, Definition 3 relies on the quotient space of U [t, T ] with respect

to the equivalence relation u(·) ∼ ũ(·) whenever d(u(·), ũ(·)) = 0. This identification,
weaker—and therefore more restrictive—than indistinguishability, captures the idea
that two admissible controls differing only on a set of vanishing product measure are
to be regarded as equivalent. Within this setting, the functional d induces a genuine
metric on the resulting space of equivalence classes.

When the control domain U is bounded, this metric space (U [t, T ],d) is complete,
as established in the lemma cited above.

We now return to the utility functionals J in (2) and J in (8), and state the
following continuity property, whose proof is deferred to the Appendix.
Lemma 2. Assume that U is bounded, and fix t ∈ [0, T [ and a ∈ A. Then, the
utility functionals J(· ; t, a),J(· ; t, a) : U [t, T ]→ R are continuous with respect to the
metric d.

According to the proof of Lemma 2 (see the Appendix), the calculations can be
carried out by taking p = 2. Moreover, it follows that

û(·) d−→ u(·) =⇒

{
ŷ(t; t)

R−→ y(t; t)

x̂(T )
L2

−−→ x(T )
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as shown, in particular, by (A1).
We next recall a preliminary result related to the one-dimensional version of

Lemma 6.5 in [48].
Lemma 3. Let Γ ⊆ R be a nonempty closed interval, and let dΓ denote the distance
function to the set Γ, that is, the map dΓ : R→ [0,∞[ defined, for each v ∈ R, by

dΓ(v)
.
= inf
v̄∈Γ
|v − v̄ |. (22)

Then, dΓ enjoys the following three properties.
1. The infimum in (22) is attained as a minimum, and the function dΓ is convex and

1-Lipschitz continuous on R. Moreover,

d−1
Γ (0) = Γ. (23)

2. For any v ∈ R, the subgradient of dΓ at v, that is, the nonempty subset of R

∂dΓ(v) =
{
ν ∈ R

∣∣∣ ∀ v̂ ∈ R, dΓ(v̂) ≥ dΓ(v) + ν (v̂ − v)
}
, (24)

satisfies

v /∈ Γ =⇒ ∂dΓ(v) =

{
{1}, if v > max Γ,
{−1}, if v < min Γ.

(25)

3. The squared distance function d2
Γ is continuously differentiable on R, and its first

derivative is given, for every v ∈ R, by

d

dv

(
d2

Γ(v)
)

=


0, if v ∈ Γ,
2dΓ(v), if v > max Γ,
−2dΓ(v), if v < min Γ.

(26)

Notation 2. In view of (25), for any v ∈ R \ Γ, we identify the set ∂dΓ(v) with its
unique element, that is, 1 or −1 (a sign). Then, combining (23) and (26), we can write

d

dv

(
d2

Γ(·)
)

= 2dΓ(·)∂dΓ(·).

The content of Lemma 3 may be viewed, in its multidimensional formulation,
as a particular instance of Clarke’s generalized gradient theory for locally Lipschitz
functions on Rd. For further details, see [39] and Lemma 2.3 in [48, Chap. 3, Sect. 2].
Remark 2. In connection with Lemma 3 (and Notation 2), we emphasize that, for
any v ∈ R and any sequence (vε)ε in R such that vε→ v as ε ↓ 0, one has

d2
Γ(vε)− d2

Γ(v) =
[
2dΓ(v)∂dΓ(v) + oε↓0(1)

]
(vε − v),

or, by continuity,

d2
Γ(vε)− d2

Γ(v) =
[
2dΓ(vε)∂dΓ(vε) + õε↓0(1)

]
(vε − v),
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for suitable infinitesimals.
To prove Theorem 1, we assume that the control domain U is bounded and, without

loss of generality, that
J(ū(·); t, a) = 0. (27)

Observe that (27) does not directly involve either the utility domain Γt,a or the
constraint condition (9).

We work on the metric space (U [t, T ],d) introduced in Definition 3, which is
complete whenever U is bounded. The utility functionals J(· ; t, a) and J(· ; t, a) are
continuous with respect to the metric d (see Lemma 2).

For any fixed % ↓ 0, we introduce the penalty functional J%(· ; t, a) : U [t, T ]→ [0,∞[,
associated with Problem 1, and defined as

J%(u(·); t, a)
.
=
{

(J(u(·); t, a) + %)
2

+ d2
Γt,a

(J(u(·); t, a))
}1/2

(28)

where dΓt,a denotes the distance function to the set Γt,a, as in (22) of Lemma 3. If
J(· ; t, a) ≥ 0 over U [t, T ], i.e., if ū(·) is a classical minimizer of J(· ; t, a) (see (27)),
then J%( · ; t, a) ≥ % > 0. Otherwise, the validity of this inequality can no longer be
ensured.

It is then straightforward to verify that the functional J%( · ; t, a) satisfies the
following three basic properties.
• J%(· ; t, a) is continuous with respect to the metric d.
• If u(·) = ū(·), then

J%(ū(·); t, a) = %,

in light of (23) and (27). Moreover,

J%(ū(·); t, a) ≤ inf
u(·)∈U [t,T ]

J%(u(·); t, a) + %.

• For any u(·) ∈ U [t, T ],

J%(u(·); t, a) = 0 ⇐⇒

{
J(u(·); t, a) = −%
J(u(·); t, a) ∈ Γt,a

(29)

(as follows again from (23)).
Then, by Corollary 6.3 in [48]—essentially Ekeland’s variational principle

(see [8])—there exists ū%(·) ∈ U [t, T ] such that the following three conditions hold.
a. J%(ū%(·); t, a) ≤ %.
b. d(ū(·), ū%(·)) ≤

√
%. Consequently, as % ↓ 0,

ū%(·)
d−→ ū(·). (30)

c. For any v(·) ∈ U [t, T ],

J%(v(·); t, a)− J%(ū%(·); t, a) ≥ −√% d(v(·), ū%(·)). (31)
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We now fix an arbitrary control u( ·) ∈ U [t, T ]. For ε ∈ ]0, T − t[, let I εt be as
in (5), that is, I εt = [t, t + ε], and let ūε%(·) denote the spike variation of ū%(·) with
respect to u(·) and I εt . Since

{
ūε%(·) 6= ū%(·)

}
⊆ I εt × Ω, it follows from (21) that

d(ūε%(·), ū%(·)) ≤ ε. (32)

Hence, as ε ↓ 0, the inequality (32) implies that

ūε%(·)
d−→ ū%(·). (33)

Moreover, applying (31) with v(·) = ūε%(·), we obtain

−√% ε ≤ J%(ūε%(·); t, a)− J%(ū%(·); t, a). (34)

Recalling the definition (28) of the penalized functional J%(· ; t, a), and observing
that (29) may hold, since J(· ; t, a) is not a priori nonnegative, we split the proof into
two distinct cases. This constitutes the main departure from the classical argument
in [48], where the performance functional can be assumed to be positive. In the present
constrained setting, J%(· ; t, a) may vanish even when the constraint is inactive, which
calls for a refined application of Ekeland’s variational principle to accommodate weaker
sign conditions on the multipliers.

Case I. J%(ū%(·); t, a) 6= 0 (that is, > 0) for % ↓ 0. From (28), we can rewrite (34) as

−√% ε ≤ J%(ūε%(·); t, a)− J%(ū%(·); t, a)

=
J 2
% (ūε%(·); t, a)− J 2

% (ū%(·); t, a)

J%(ūε%(·); t, a) + J%(ū%(·); t, a)

=
(J(ūε%(·); t, a) + %)

2− (J(ū%(·); t, a) + %)
2

J%(ūε%(·); t, a) + J%(ū%(·); t, a)

+
d2

Γt,a
(J(ūε%(·); t, a))− d2

Γt,a
(J(ū%(·); t, a))

J%(ūε%(·); t, a) + J%(ū%(·); t, a)

(35)

(for any a1, a2 ∈ R, if a1 + a2 6= 0, then a1 − a2 = (a2
1 − a2

2)/(a1 + a2)).
We now show that there exist ψε% ,ψε% ∈ R such that

(J(ūε%(·); t, a) + %)
2− (J(ū%(·); t, a) + %)

2

J%(ūε%(·); t, a) + J%(ū%(·); t, a)
= ψε%

[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
, (36)

d2
Γt,a

(J(ūε%(·); t, a))− d2
Γt,a

(J(ū%(·); t, a))

J%(ūε%(·); t, a) + J%(ū%(·); t, a)
= ψε%

[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
,

(37)
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and that they are, respectively, of the form

ψε% =
J(ū%(·); t, a) + %

J%(ū%(·); t, a)
+ o%ε↓0(1), (38)

ψε% =
dΓt,a(J(ū%(·); t, a))∂dΓt,a(J(ū%(·); t, a))

J%(ū%(·); t, a)
+ o%ε↓0(1), (39)

for suitable infinitesimals possibly depending on % (see Notation 2).
Indeed, by continuity of J(· ; t, a), J(· ; t, a) and J%(· ; t, a) with respect to d, together

with (33), we have

J(ūε%(·); t, a) = J(ū%(·); t, a) + o%,1ε↓0(1), J%(ū
ε
%(·); t, a) = J%(ū%(·); t, a) + o%,2ε↓0(1)

for suitable infinitesimals. Moreover, by Remark 2,

d2
Γt,a

(J(ūε%(·); t, a))− d2
Γt,a

(J(ū%(·); t, a))

=
[
2dΓt,a(J(ū%(·); t, a))∂dΓt,a(J(ū%(·); t, a)) + o%,1ε↓0(1)

]
·

·
[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
(for infinitesimals as above). Hence, concerning (36),

(J(ūε%(·); t, a) + %)
2− (J(ū%(·); t, a) + %)

2

=
[
J(ūε%(·); t, a) + J(ū%(·); t, a) + 2%

][
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
,

and, from what has been previously derived,

J(ūε%(·); t, a) + J(ū%(·); t, a) + 2%

J%(ūε%(·); t, a) + J%(ū%(·); t, a)
=

2J(ū%(·); t, a) + 2%+ o%,1ε↓0(1)

2J%(ū%(·); t, a) + o%,2ε↓0(1)

≡ J(ū%(·); t, a) + %

J%(ū%(·); t, a)
+ o%ε↓0(1),

which yields (38). Likewise, for (37),

2dΓt,a(J(ū%(·); t, a))∂dΓt,a(J(ū%(·); t, a)) + o%,1ε↓0(1)

J%(ūε%(·); t, a) + J%(ū%(·); t, a)

=
2dΓt,a(J(ū%(·); t, a))∂dΓt,a(J(ū%(·); t, a)) + o%,1ε↓0(1)

2 J%(ū%(·); t, a) + o%,2ε↓0(1)

≡
dΓt,a(J(ū%(·); t, a))∂dΓt,a(J(ū%(·); t, a))

J%(ū%(·); t, a)
+ o%ε↓0(1),
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leading to (39).
The numerator of each fraction characterizing ψε% and ψε% , unless infinitesimal for

% ↓ 0 by (30), may take negative values (see (38) and (39)). Nevertheless, when squared,

(ψε%)2 + (ψε%)2 = 1 + o%,2ε↓0(1),

as follows from (28). In particular, as ε ↓ 0, the sequences (ψε%)ε and (ψε%)ε remain
in a compact subset of R containing [−1, 1]. Thus, there exist ψ%,ψ% ∈ R satisfying
(ψ%)

2+(ψ%)
2= 1 and two subsequences—still denoted by (ψε%)ε and (ψε%)ε—such that,

as ε ↓ 0, {
ψε% → ψ%

ψε% → ψ% .
(40)

Analogously, there exist ψ,ψ ∈ R with

ψ2 +ψ2 = 1 (41)

and two subsequences—still denoted by (ψ%)% and (ψ%)%—such that, as % ↓ 0,{
ψ% → ψ

ψ% → ψ .
(42)

In particular, ψ,ψ ∈ [−1, 1], so that (41) coincides with (17).
On the other hand, in connection with (18), for every v̄ ∈ Γt,a we have

ψε%
[
v̄ − J(ū%(·); t, a)

]
=

dΓt,a(J(ū%(·); t, a))∂dΓt,a(J(ū%(·); t, a))
[
v̄ − J(ū%(·); t, a)

]
J%(ū%(·); t, a)

+ õ%ε↓0(1)

(see (39)). Here, even if J(ū%(·); t, a) /∈ Γt,a,

∂dΓt,a(J(ū%(·); t, a))
[
v̄ − J(ū%(·); t, a)

]
≤ dΓt,a(v̄)− dΓt,a(J(ū%(·); t, a)) = − dΓt,a(J(ū%(·); t, a)) ≤ 0,

where we used the subgradient inequality (24) for the distance function with v =
J(ū%(·); t, a). In particular,

ψε%
[
v̄ − J(ū%(·); t, a)

]
≤ õ%ε↓0(1),

and (18) follows by first letting ε ↓ 0 and then % ↓ 0 (see (30), (40), and (42)).
At this stage, continuing from (35) through (36) and (37), we can write

−√% ε ≤ ψε%
[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
+ψε%

[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
. (43)
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Let δH%( · ; t, - ) correspond to the quadruple (ū%( ·), x̄%( ·), ȳ%( · ; t), z̄%( · ; t)), and let
δH%(· ; t, - ) correspond to (ū%(·), x̄%(·), ȳ%(· ; t), z̄%(· ; t)). Then, by Lemma 2 in [33]
with s = t, we find

lim inf
ε↓0

J(ūε%(·); t, a)− J(ū%(·); t, a)

ε
= E

[
δH%(t; t,u(t))

]
,

lim inf
ε↓0

J(ūε%(·); t, a)− J(ū%(·); t, a)

ε
= E

[
δH%(t; t,u(t))

]
,

and these are indeed true limits (a fact that will be crucial here). Therefore, by (40)
and (43),

−√% ≤ E
[
ψ% δH%(t; t,u(t)) +ψ% δH%(t; t,u(t))

]
,

and finally, by (30) and (42),

E
[
ψδH(t; t,u(t)) +ψ δH(t; t,u(t))

]
≥ 0. (44)

We now deduce inequality (19), for any u ∈ U (and P-a.s.), by contradiction.
Indeed, suppose that there exist t∗ ∈ [0, T [, u∗ ∈ U, and N ∈ F with P[N ] > 0, such
that ψ δH(t∗; t∗,u∗) + ψ δH(t∗; t∗,u∗) < 0 on N. Then, for any u(·) ∈ U [t∗, T ] such
that, P-a.s.,

u(t∗) =

{
ū(t∗), on Ω \ N,
u∗, on N,

—for instance, the trivial one—we have

ψδH(t∗; t∗,u(t∗)) +ψ δH(t∗; t∗,u(t∗)) =
[
ψδH(t∗; t∗,u∗) +ψ δH(t∗; t∗,u∗)

]
1N ,

since δH(t∗; t∗, ū(t∗)) = δH(t∗; t∗, ū(t∗)) = 0. Therefore,

E
[
ψδH(t∗; t∗,u(t∗)) +ψ δH(t∗; t∗,u(t∗))

]
< 0,

because P[N ] > 0, which contradicts (44).

Case II. For infinitely many % ↓ 0, J%(ū%(·); t, a) = 0, that is,{
J(ū%(·); t, a) = −%
J(ū%(·); t, a) ∈ Γt,a

(see (29)). The key point, as in Case I, is to construct two sequences, (ψε%)ε and (ψε%)ε,
in R, bounded as ε ↓ 0, such that, similarly to (35) or (43),

J%(ū
ε
%(·); t, a) ≡ J%(ūε%(·); t, a)− J%(ū%(·); t, a)

≤ ψε%
[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
+ψε%

[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
≡ ψε%

[
J(ūε%(·); t, a) + %

]
+ψε%

[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
,

(45)
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for such values of % ↓ 0. We shall now analyze this situation by distinguishing two
further sub-cases, depending on whether or not J(ū%(·); t, a) ∈ Γt,a.

Subcase I of Case II. For infinitely many of these % ↓ 0, J(ū%(·); t, a) ∈ int(Γt,a).
For the corresponding values of % ↓ 0 and for ε ↓ 0, we obtain from (33)

J(ūε%(·); t, a) ∈ int(Γt,a).

For such parameters, J%(ūε%( · ); t, a) =
∣∣J(ūε%(·); t, a) + %

∣∣, since int(Γt,a) ⊂ Γt,a

(see (28)). Therefore, to reach (17), (18), and (45), we simply set

ψε% := sgn(J(ūε%(·); t, a) + %), ψε% := 0

from which, in the limit, |ψ | = 1 and ψ = 0 (as, for any v ∈ R, |v | = sgn(v)v, or
equivalently sgn(v)|v | = v).

Subcase II of Case II. For infinitely many of those % ↓ 0, except for at most a a
finite number, J(ū%(·); t, a) ∈ ∂Γt,a, and, at the same time, for ε ↓ 0,

J(ūε%(·); t, a) /∈ Γt,a

(otherwise we can proceed as just seen, possibly passing to a subsequence). Then, for
the corresponding values of % ↓ 0 and ε ↓ 0,

J%(ū
ε
%(·); t, a) 6= 0

(that is, > 0). By (28), and equivalently to (35) (since J%(ū%(·); t, a) = 0), we have

J%(ū
ε
%(·); t, a) =

(J(ūε%(·); t, a) + %)
2

J%(ūε%(·); t, a)
+

d2
Γt,a

(J(ūε%(·); t, a))

J%(ūε%(·); t, a)
.

Once again, aiming to establish (45), we look for ψε% ,ψε% ∈ R such that, separately,

(J(ūε%(·); t, a) + %)
2

J%(ūε%(·); t, a)
≤ ψε%

[
J(ūε%(·); t, a) + %

]
, (46)

d2
Γt,a

(J(ūε%(·); t, a))

J%(ūε%(·); t, a)
≤ ψε%

[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
. (47)

Considering (46), we simply take

ψε% :=
J(ūε%(·); t, a) + %

J%(ūε%(·); t, a)
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(which yields equality in (46)); whereas, with regard to (47), since

dΓt,a(J(ūε%(·); t, a)) ≤ ∂dΓt,a(J(ūε%(·); t, a))
[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
(see (24)), we may set

ψε% :=
dΓt,a(J(ūε%(·); t, a))∂dΓt,a(J(ūε%(·); t, a))

J%(ūε%(·); t, a)
.

Indeed, on the one hand, concerning (17), we have (ψε%)2 + (ψε%)2 = 1; on the other
hand, with reference to (18), we start from the fact that, for any v̄ ∈ Γt,a,

ψε%
[
v̄ − J(ūε%(·); t, a)

]
=

dΓt,a(J(ūε%(·); t, a))∂dΓt,a(J(ūε%(·); t, a))
[
v̄ − J(ūε%(·); t, a)

]
J%(ūε%(·); t, a)

,

where ∂dΓt,a(J(ūε%(·); t, a))
[
v̄ − J(ūε%(·); t, a)

]
< 0. Hence, we conclude in a perfectly

analogous manner to Case I (see also (30) and (33)).

The proof of Theorem 1 is now complete.

Remark 3. Considering (46) and (47), we may equivalently choose

ψε% =
J(ūε%(·); t, a) + %

J%(ūε%(·); t, a)
+ o%ε↓0(1),

ψε% =
dΓt,a(J(ūε%(·); t, a))∂dΓt,a(J(ūε%(·); t, a))

J%(ūε%(·); t, a)
+ o%ε↓0(1),

for suitable infinitesimals, not identically zero, such that, respectively,

o%ε↓0(1)
[
J(ūε%(·); t, a) + %

]
≥ 0, o%ε↓0(1)

[
J(ūε%(·); t, a)− J(ū%(·); t, a)

]
≥ 0.

Under the forthcoming assumption of local uniqueness for the equilibrium quadru-
ple (ū(·), x̄(·), ȳ(·; t), z̄(·; t)), where (ū(·), x̄(·)) satisfies the state constraint, Case II
of the above proof cannot occur, as it would in the case of a classical minimum point
ū(·) for J(· ; t, a); see [48, Chap. 3, Sect. 6].

Assumption 2. There exists δ̄ > 0 such that, for any û(·) = ûδ̄(·) ∈ U [t, T ] with
J(û( ·); t, a) ∈ Γt,a and d(ū( ·), û( ·)) < δ̄, if J(û( ·); t, a) ≤ oδ̄↓0(1) (for a suitable
infinitesimal), then û(·) = ū(·).

Indeed, one can take % ∈ ]0, δ̄2[ and û(·) = ū%(·) (see (27)).

3.3 Corollary to Theorem 1
Since the control set U is not necessarily bounded, we can state the following

corollary to Theorem 1; see also [42, 44]. In what follows, L∞F (t, T ;Rn) represents the
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space of Rn-valued (Fs)s∈[t,T ]-progressively measurable processes Z(·) on [t, T ] × Ω
satisfying

‖Z(·)‖∞
.
= inf

{
C ∈ [0,∞[

∣∣∣ sups∈[t,T ] |Z(s)| ≤ C (P-a.s.)
}
<∞.

Corollary 4 (Maximum principle). Let (ū(·), x̄(·), ȳ(· ; t), z̄(· ; t)) be an equilibrium
quadruple such that the pair (ū( · ), x̄( · )) is subject to the state constraint, that is,
J(ū(·); t, a) = ȳ(t; t) ∈ Γt,a. Assume also that

ū(·) ∈ L∞F (t, T ;Rn).

Then, there exist ψ,ψ ∈ [−1, 1], with ψ2+ψ2= 1, such that the following two conditions
hold.

1. For any v̄ ∈ Γt,a, ψ
[
v̄ − J(ū(·); t, a)

]
≤ 0.

2. Let δH(· ; t, -) and δH(· ; t, -) correspond to the quadruples (ū(·), x̄(·), ȳ(· ; t), z̄(· ; t))
and (ū(·), x̄(·), ȳ(· ; t), z̄(· ; t)), respectively. Then, for any u ∈ U (and P-a.s.),

ψδH(t; t,u) +ψ δH(t; t,u) ≥ 0.

Proof. For any j ∈ N, consider the Borel subset Ūj ∈ B(Rn) \ {∅} of U , defined as
the intersection of U with the closed ball in Rn centered at the origin and of radius
‖ū(·)‖∞+ j; that is,

Ūj :=
{
u ∈ U

∣∣ |u| ≤ ‖ū(·)‖∞+ j
}
.

Next, define the (nonempty) subset Uj [t, T ] of U [t, T ] by

Uj [t, T ] :=
{
u(·) ∈ LpF(t, T ;Rn)

∣∣ ∀ s ∈ [t, T ] and P-a.s.,u(s) ∈ Ūj
}
.

Observe that Ūj is bounded for every j ∈ N. Moreover, for any s ∈ [t, T ] and P-
a.s., one has ū(s) ∈ Ū0; hence, ū(·) ∈ U0[t, T ]. Since Ūj ⊆ Ūj+1 for all j ∈ N, it follows
that Uj [t, T ] ⊆ Uj+1[t, T ]. Furthermore,

∞⋃
j=0

Ūj = U,

∞⋃
j=0

Uj [t, T ] = U [t, T ]. (48)

Now fix j ∈ N. By the above definitions, we apply Theorem 1, replacing U and
U [t, T ] with Ūj and Uj [t, T ], respectively (noting that ū(·) ∈ Uj [t, T ], and that the
mappings H(· ; t) and H(· ; t) can be restricted to Ūj with respect to the variable u).
Thus, there exist ψj ,ψj ∈ [−1, 1], with ψ2

j + ψ2
j = 1, such that the following two

conditions hold.
1. For any v̄ ∈ Γt,a, ψj

[
v̄ − J(ū(·); t, a)

]
≤ 0.
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2. Let δH(· ; t, -) and δH(· ; t, -) correspond to the quadruples (ū(·), x̄(·), ȳ(· ; t), z̄(· ; t))
and (ū(·), x̄(·), ȳ(· ; t), z̄(· ; t)), respectively. Then, for any u ∈ U (and P-a.s.),

ψj δH(t; t,u) +ψj δH(t; t,u) ≥ 0.

Finally, the statement follows by taking convergent subsequences of (ψj)j and (ψj)j ,
in view of (48).

4 Application to a portfolio optimization problem
In this section, we investigate a representative constrained portfolio management

problem that serves as an application of the theoretical results derived in the previous
section. In particular, we consider a state-constrained optimization problem over a
finite horizon with a non-exponential discounting scheme, such as a hyperbolic one.
The analysis focuses on an intriguing case study concerning the signs of the multipliers
ψ and ψ, potentially under CRRA preferences.

The findings highlight a remarkable connection between the multipliers ψ, ψ, and
the first-order process rather than the second-order one. Nevertheless, a certain degree
of ambiguity remains regarding the signs of ψ and, more notably, ψ themselves, which
raises nontrivial interpretative questions in the context of the underlying stochastic
dynamics.

With respect to the notations and definitions introduced in Section 5 of [33], we
take the state domain to be

A = ]0,∞[

and consider t ∈ [0, T [, a ∈ A, two positive processes β(· ; t), γ(· ; t) ∈ L∞F (t, T ;R), and
an admissible investment-consumption policy

(ζ(· , x(·)), c(· , x(·))) ∈ U [t, T ],

taking values in R× [0,∞[. We then adopt (1) in the form
dx(s) = x(s)

[(
r + µζ(s, x(s))− c(s, x(s))

)
ds+ σζ(s, x(s))dW (s)

]
,

dy(s; t) = −}(s; t)
[
−υ(c(s, x(s))x(s))− β(s; t)y(s; t)− γ(s; t)z(s; t)

]
ds

+ z(s; t)dW (s),

x(t) = a, y(T ; t) = −}̂(T ; t)υ̂(x(T )),

(49)

where r, µ, σ ∈ ]0,∞[, υ(·) and υ̂(·) are two utility functions, and }(· ; t), }̂(· ; t) are two
regular discount functions on [t, T ]. The process y(· ; t) thereby follows the Uzawa-type
specification (see [7]).
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In order to generate a state constraint for ((ζ(· , x(·)), c(· , x(·))), x(·)) as in (9),
we consider, for any t ∈ [0, T [, the parameterized recursive utility system

dy(s; t) = −}}}(s; t)
[
−kυ(c(s, x(s))x(s))− β(s; t)y(s; t)− γ(s; t)z(s; t)

]
ds

+ z(s; t)dW (s),

y(T ; t) = −}̂}}(T ; t)υ̂(x(T )),

where k ∈ [0,∞[, and β(· ; t), γ(· ; t) ∈ L∞F (t, T ;R) are positive processes. Moreover,
υ(·) and υ̂(·) denote two utility functions, while }}}(· ; t) and }̂}}(· ; t) are two regular
discount functions on [t, T ].

The previously derived Corollary 4, which stems from Theorem 1, can now be
reformulated as follows (see also (10), (11), (12), (13), (14), and (15)). We emphasize
that the constraint set Γt,a denotes a general closed subset of the Euclidean space
describing the admissible realizations of the auxiliary recursive utility. In the present
formulation, its structure is intentionally left unspecified, so as to encompass a wide
range of state-dependent or expectation-based constraints.
Corollary 5. Let ((ζ̄(· , x̄(·)), c̄(· , x̄(·))), x̄(·), ȳ(· ; t), z̄(· ; t)) be an equilibrium quadruple
such that

J
(
(ζ̄(· , x̄(·)), c̄(· , x̄(·))); t, a

)
∈ Γt,a .

Assume also that
(ζ̄(· , x̄(·)), c̄(· , x̄(·))) ∈ L∞F (t, T ;R2).

Then, there exist ψ,ψ ∈ [−1, 1], with ψ2+ψ2= 1, such that the following two conditions
hold.

1. For any v̄ ∈ Γt,a, ψ
[
v̄ − J((ζ̄(· , x̄(·)), c̄(· , x̄(·))); t, a)

]
≤ 0.

2. Let (ξ(· ; t), ϑ(· ; t)) and (Ξ(· ; t),Θ(· ; t)) be the adjoint processes corresponding to
the quadruple

((ζ̄(· , x̄(·)), c̄(· , x̄(·))), x̄(·), ȳ(· ; t), z̄(· ; t)),
and let (ξ(· ; t),ϑ(· ; t)) and (Ξ(· ; t),Θ(· ; t)) denote the adjoint processes correspond-
ing to the quadruple

((ζ̄(· , x̄(·)), c̄(· , x̄(·))), x̄(·), ȳ(· ; t), z̄(· ; t)).

Then, for any (ζ, c) ∈ R× [0,∞[ (and P-a.s.),

[
ψξ(t; t)+ψξ(t; t)

][
µ(ζ− ζ̄(t, a))− (c− c̄(t, a))

]
+σ
[
ψϑ(t; t)+ψϑ(t; t)

][
ζ− ζ̄(t, a)

]
− ψ

{
1

a

[
υ(ac)− υ(ac̄(t, a))

]
+ σξ(t; t)γ(t; t)

[
ζ − ζ̄(t, a)

]}
−ψ

{
k

a

[
υ(ac)− υ(ac̄(t, a))

]
+ σξ(t; t)γ(t; t)

[
ζ − ζ̄(t, a)

]}
+
a

2
σ2
[
ψΞ(t; t) +ψΞ(t; t)

][
ζ − ζ̄(t, a)

]2≥ 0. (50)
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With respect to Corollary 5, our focus now shifts to examining the case where

ψ 6= 0,

while also allowing for the possibility that ψ = 0 cannot be excluded.
For this purpose, note that for any c ∈ [0,∞[ (and P-a.s.), in (50), we encounter

a quadratic function with respect to ζ − ζ̄(t, a) ∈ R. This function is nonnegative,
implying that it has a nonnegative leading coefficient (i.e., it is convex), namely

a

2
σ2
[
ψΞ(t; t) +ψΞ(t; t)

]
,

and a nonpositive discriminant. We also observe that this function admits a nonzero
constant term only if c 6= c̄(t, a). Therefore, first,

ψΞ(t; t) +ψΞ(t; t) ≥ 0. (51)

Following the spirit of Theorem 3 in [33], we set

c = c̄(t, a),

and obtain, for any k ∈ [0,∞[,

ψ
{[
µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t)

}
+ψ

{[
µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t)

}
= 0. (52)

From here, we separate the analysis into the following cases.

Case I.
[
µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t) 6= 0. From (52), it follows that

ψ = −ψ
[
µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t)[

µ− σγ(t; t)
]
ξ(t; t) + σϑ(t; t)

.

Hence, ψ = 0 if, and only if,
[
µ − σγ(t ; t)

]
ξ(t ; t) + σϑ(t ; t) = 0, which corresponds

to (38) of Theorem 3 in [33] (with s = t). Otherwise, since

ψ2 +ψ2 = 1,

both ψ and ψ are nonzero (that is, |ψ| < 1 and |ψ| < 1). In particular, using again (52),
we have

|ψ | =
∣∣[µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t)

∣∣{[
µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t)

}2

+
{[
µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t)

}2 ,

|ψ | =
∣∣[µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t)

∣∣{[
µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t)

}2

+
{[
µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t)

}2 .
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Case II.
[
µ − σ γ(t ; t)

]
ξ(t ; t) + σ ϑ(t ; t) = 0. With reference to the analogues

of (13) and (14) (for the quadruple ((ζ̄(· , x̄(·)), c̄(· , x̄(·))), x̄(·), ȳ(· ; t), z̄(· ; t))), it is
straightforward to verify that F (· , 0, 0; t) ≥ 0; since −}̂}}(T ; t)υ̂′′(x(T )) > 0, we obtain

Ξ(t; t) > 0

(see also Remark 17 in [33]). Therefore, (51) becomes

ψ ≥ −ψ Ξ(t; t)

Ξ(t; t)
.

Hence, if
[
µ − σγ(t ; t)

]
ξ(t ; t) + σϑ(t ; t) 6= 0, then, by (52), ψ = 0 and ψ > 0 (they

cannot both vanish). Otherwise, if
[
µ− σγ(t; t)

]
ξ(t; t) + σϑ(t; t) = 0, then, similarly,

Ξ(t; t) > 0

and, therefore, ψ = 0 (if and) only if ψ = 1 (ψ = −1 cannot occur); ψ = 0 (if
and) only if ψ = 1 (ψ = −1 cannot occur); if ψ < 0, then ψ > 0 (but the converse
cannot be affirmed); if ψ < 0, then ψ > 0 (again, the converse cannot be stated). In
particular, ψ and ψ may both be positive (in which case the above inequality becomes
uninformative), but they cannot both be negative.

Consequently, in order to analyze the situations in which it cannot be ruled out
that

ψ = 0,

we retain the assumptions of Theorem 3 in [33]. Under these assumptions, for any
(ζ, c) ∈ R× [0,∞[ (and P-a.s.), inequality (50) reduces to

ψ

x
υ̃(−ξ(t; t))− ψ

{
1

a
υ(ac) + cξ(t; t)

}
+ψξ(t; t)

[
µ(ζ − ζ̄(t, a))− (c− c̄(t, a))

]
+ σψϑ(t; t)

[
ζ − ζ̄(t, a)

]
−ψ

{
k

a

[
υ(ac)− υ(ac̄(t, a))

]
+ σξ(t; t)γ(t; t)

[
ζ − ζ̄(t, a)

]}
+
a

2
σ2
[
ψΞ(t; t) +ψΞ(t; t)

][
ζ − ζ̄(t, a)

]2≥ 0,

where υ̃(·) denotes the Fenchel–Legendre transform of −υ(− ·). In particular,

ξ(t; t) < 0.

Case A. k = 0. By choosing ζ = ζ̄(t, a) and c = 0, we have

ξ(t; t) < 0
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(see [33]). Then, we obtain

ψ ≤ − ψ υ̃(−ξ(t; t))
ξ(t; t)Υ(ξ(t; t))

,

where
Υ :=

(
− υ′

)−1
.

Therefore, if ψ ≤ 0, then ψ < 0 (observing that, if ψ = 0, then necessarily ψ 6= 0). In
particular, if ψ = 0, then ψ = −1. Conversely, if ψ ≥ 0, then ψ > 0; in particular, if
ψ = 0, then ψ = 1.

More generally, for ζ = ζ̄(t, a) and any c ∈ [0,∞[, we have

ψ sgn
(
Υ(ξ(t; t))− ac

)
≤ −

ψ
{
υ̃(−ξ(t; t))−

[
υ(ac) + acξ(t; t)

]}
ξ(t; t)

∣∣Υ(ξ(t; t))− ac
∣∣ .

Therefore, for any c ∈ ]c̄(t, a),∞[,

ψ ≥ −
ψ
{
υ̃(−ξ(t; t))−

[
υ(ac) + acξ(t; t)

]}
ξ(t; t)

[
Υ(ξ(t; t))− ac

] .

Since υ(·) exhibits sublinear growth (as in the CRRA case), letting c ↑ ∞ yields

ψ ≥ −ψξ(t; t)
ξ(t; t)

.

It thus appears that, if ψ ≤ 0, then ψ > 0; in particular, if ψ = 0, then ψ = 1.
Conversely, if ψ ≤ 0, then ψ > 0; in particular, if ψ = 0, then ψ = 1. Compared with
the previous findings, we can therefore conclude that

ψ > 0

(and, again, that if ψ = 0, then ψ = 1). For ψ, only the lower bound above is known
(that is, ψ is greater than or equal to the negative quantity in the inequality). In any
case, the qualification condition is satisfied.

Case B. k 6= 0. For ζ = ζ̄(t, a) and any c ∈ [0,∞[, as before,

ψ sgn
(
ξ(t; t)

[
Υ(ξ(t; t))− ac

]
+ k

[
υ(Υ(ξ(t; t)))− υ(ac)

])
≥ −

ψ
{
υ̃(−ξ(t; t))−

[
υ(ac) + acξ(t; t)

]}∣∣ξ(t; t)
[
Υ(ξ(t; t))− ac

]
+ k

[
υ(Υ(ξ(t; t)))− υ(ac)

]∣∣ .
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Since both υ(·) and υ(·) exhibit sublinear growth (as in the CRRA case), letting c ↑ ∞
yields

ψ ≥ −ψξ(t; t)
ξ(t; t)

.

Hence, as before, if ψ ≤ 0, then ψ > 0; in particular, if ψ = 0, then ψ = 1. Conversely,
if ψ ≤ 0, then ψ > 0; in particular, if ψ = 0, then ψ = 1.

However, for c = 0,

ψ sgn
(
ξ(t; t)Υ(ξ(t; t)) + kυ(Υ(ξ(t; t)))

)
≥ − ψ υ̃(−ξ(t; t))∣∣ξ(t; t)Υ(ξ(t; t)) + kυ(Υ(ξ(t; t)))

∣∣ .
We now distinguish two subcases according to the relative magnitude of the

parameter k compared with the other coefficients.

Subcase I of Case B. k is sufficiently large to satisfy

(−ξ(t; t))Υ(ξ(t; t)) < kυ(Υ(ξ(t; t))).

Then, if c = 0,

ψ ≥ − ψ υ̃(−ξ(t; t))
ξ(t; t)Υ(ξ(t; t)) + kυ(Υ(ξ(t; t)))

.

Therefore, the same conclusions as in the case of an arbitrary k and c ↑ ∞ hold: that
is, if ψ ≤ 0, then ψ > 0 (in particular, if ψ = 0, then ψ = 1). Conversely, if ψ ≤ 0,
then ψ > 0 (and in particular, if ψ = 0, then ψ = 1).

Subcase II of Case B. k is sufficiently small to satisfy

(−ξ(t; t))Υ(ξ(t; t)) > kυ(Υ(ξ(t; t))).

Then, for c = 0,

ψ ≤ − ψ υ̃(−ξ(t; t))
ξ(t; t)Υ(ξ(t; t)) + kυ(Υ(ξ(t; t)))

(consistently with the case k = 0 analyzed above). Thus, if ψ ≤ 0, then ψ < 0, and if
ψ = 0, then ψ = −1. Conversely, if ψ ≥ 0, then ψ > 0; in particular, if ψ = 0, then
ψ = 1. Compared with the results obtained above, we can conclude only that

ψ > 0.

While an explicit closed-form expression of the equilibrium strategy is not at-
tainable, the formulation may allow for a numerical computation of the constrained
equilibrium through standard discretization or backward-iteration schemes applied to
the adjoint system. A natural benchmark for such computation is provided by the
unconstrained recursive equilibrium derived in [33], and, when relevant, by the time-
consistent optimal control under exponential discounting. Comparing these outcomes
would help quantify the impact of the constraint on consumption and portfolio al-
location, thereby reinforcing the methodological relevance of the present approach.
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5 Concluding remarks
This paper has extended the analysis of time-inconsistent recursive stochastic con-

trol problems to the constrained setting. Building on previous contributions, most
notably [9, 12, 13, 26, 33], we have derived a Pontryagin-type maximum principle char-
acterizing subgame-perfect equilibria of closed-loop type. The resulting framework
introduces a constraint linked to a utility functional defined through an additional
recursive utility system. To address this setting, the analysis combines Ekeland’s vari-
ational principle with a fundamental result on the distance function relative to a closed
subset of the Euclidean space.

The novelty of the contribution is mainly analytical: several existing tools are
integrated into a coherent framework that accommodates both recursive utilities and
constraints under time inconsistency. Relying on the techniques of [48] and [26], and
crucially on Lemma 2 in [33], the proof of the main result, Theorem 1, addresses a
number of sub-cases not covered by the classical theory.

This theorem establishes the existence of generalized Lagrange-multipliers in a set-
ting where the scalar multiplier ψ cannot be guaranteed to have a fixed sign, preventing
the direct embedding of the multipliers ψ and ψ into the Hamiltonian expansion. Nev-
ertheless, the formulation proves effective in financial applications, encompassing both
trading and consumption models, and offers a rigorous foundation for constrained
recursive equilibria.

In contrast to, for instance, [21, 22], which rely on an extended dynamic program-
ming principle and characterize equilibria via an infinite BSDE system analogous to
HJB equations, our approach is variational in nature and follows a maximum-principle
route. This methodological distinction highlights the flexibility of the present frame-
work, which accommodates recursive utilities used as constraints through penalization
and captures their equilibrium structure via adjoint equations.

These results complement and extend those of [33], and are specific to the
constrained-recursive, time-inconsistent formulation introduced here, while suggest-
ing several directions for further research, including the analytical characterization
of the constrained Hamiltonian and potential extensions to mean-field or multi-agent
settings.

The present framework deliberately relies on regularity assumptions that ensure
well-posedness under globally C2 coefficients in the state variable. As a consequence,
diffusion dynamics featuring square-root or similarly nonlinear behaviour in at least
one component—such as those underlying the Cox–Ingersoll–Ross short-rate model
(cf. [5]) and the Heston volatility model (cf. [23])—fall outside the current setting.
Nevertheless, relaxing these smoothness requirements offers a promising avenue for
further investigation.
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Appendix A Proof of Lemma 2
It suffices to establish the result for J( · ; t, a). Fix u( · ), û( · ) ∈ U [t, T ] and

consider the corresponding admissible quadruples (u( · ), x( · ), y( · ; t), z( · ; t)) and
(û( ·), x̂( ·), ŷ( · ; t), ẑ( · ; t)). By Lemma 1 in [33] and Jensen’s inequality (in both its
continuous and discrete forms),∣∣J(u(·); t, a)− J(û(·); t, a)

∣∣p
= |y(t; t)− ŷ(t; t)|p

. E |h(x(T ); t)− h(x̂(T ); t)|p

+ E

(∫ T

t

|g(s, x(s),u(s), y(s; t), z(s; t); t)− g(s, x̂(s), û(s), y(s; t), z(s; t); t)|ds
)p

. E |x(T )− x̂(T )|p+ E

(∫ T

t

(
|x(s)− x̂(s)|+ |u(s)− û(s)|

)
ds

)p

. E |x(T )− x̂(T )|p+ E

∫ T

t

|x(s)− x̂(s)|pds+ E

∫ T

t

|u(s)− û(s)|pds

. E sup
s∈[t,T ]

|x(s)− x̂(s)|p+ d(u(·), û(·)).

In particular, the processes (y(· ; t), z(· ; t)) and (ŷ(· ; t), ẑ(· ; t)) no longer appear
in the estimate. Here, . indicates inequality up to a positive multiplicative constant,
independent of the quantities involved, as we are not interested in specifying it further.
We also exploit the boundedness of U to handle the term |u(·)− û(·)|p, once we
observe that

E

∫ T

t

|u(s)− û(s)|pds = E

∫ T

t

1{u(·) 6=û(·)}(s, ω)|u(s)− û(s)|pds

(see Definition 3).
We now claim that

E sup
s∈[t,T ]

|x(s)− x̂(s)|p . E

∫ T

t

|u(s)− û(s)|pds (A1)

30



(that is, . d(u(·), û(·)), as in the preceding step), after which the argument proceeds
as outlined above, thereby concluding the proof.

Indeed, as in the previous estimates, for any s ∈ [t, T ],

|x(s)− x̂(s)|p .
∫ s

t

|b(r, x(r),u(r))− b(r, x̂(r), û(r))|pdr

+

∣∣∣∣∫ s

t

(
σ(r, x(r),u(r))− σ(r, x̂(r), û(r))

)
dW (r)

∣∣∣∣p.
Hence, for any τ ∈ [t, T ], applying the classical Burkholder–Davis–Gundy inequality
over [t, T ] with exponent r = p/2, and then Jensen’s inequality (as p ≥ 2), we obtain

E sup
s∈[t,τ ]

|x(s)− x̂(s)|p

. E

∫ τ

t

|b(r, x(r),u(r))− b(r, x̂(r), û(r))|pdr

+ E sup
s∈[t,τ ]

∣∣∣∣∫ s

t

(
σ(r, x(r),u(r))− σ(r, x̂(r), û(r))

)
dW (r)

∣∣∣∣p
. E

∫ τ

t

|b(r, x(r),u(r))− b(r, x̂(r), û(r))|pdr

+ E

(∫ τ

t

(
σ(r, x(r),u(r))− σ(r, x̂(r), û(r))

)2
dr

)p/2
≤ E

∫ τ

t

(
|b(r, x(r),u(r))− b(r, x̂(r), û(r))|p+ |σ(r, x(r),u(r))− σ(r, x̂(r), û(r))|p

)
dr

. E

∫ τ

t

|x(r)− x̂(r)|pdr + E

∫ τ

t

|u(r)− û(r)|pdr

≤
∫ τ

t

E sup
s∈[t,r]

|x(s)− x̂(s)|pdr + E

∫ τ

t

|u(r)− û(r)|pdr.

Therefore, invoking Grönwall’s inequality in its integral form to the continuous
function

τ 7→ E sup
s∈[t,τ ]

|x(s)− x̂(s)|p

defined on [t, T ], we conclude that

E sup
s∈[t,τ ]

|x(s)− x̂(s)|p . E

∫ τ

t

|u(r)− û(r)|pdr,

which yields the desired estimate, namely (A1), upon choosing τ = T .

31



References
[1] Björk, T., Khapko, M., Murgoci, A.: On time-inconsistent stochastic control

in continuous time. Finance and Stochastics, 21(2):331–360 (2017).

[2] Björk, T., Murgoci, A.: A theory of Markovian time-inconsistent stochastic
control in discrete time. Finance and Stochastics, 18(3):545–592 (2014).

[3] Björk, T., Murgoci, A., Zhou, X.Y.: Mean-variance portfolio optimization with
state-dependent risk aversion. Mathematical Finance, 24(1):1–24 (2014).

[4] Cheridito, P., Hu, Y.: Optimal consumption and investment in incomplete
markets with general constraints. Stochastics and Dynamics, 11(2-3):283–299
(2011).

[5] Cox, J.C., Ingersoll, J.E., Ross, S.A.: A theory of the term structure of interest
rates. Econometrica, 53(2):385–407 (1985).

[6] Debussche, A., Fuhrman, M., Tessitore, G.: Optimal control of a stochastic
heat equation with boundary-noise and boundary-control. ESAIM: Control,
Optimization and Calculus of Variations, 13(1):178–205 (2007).

[7] Duffie, D., Epstein, L.G.: Stochastic differential utility. Econometrica,
60(2):353–394 (1992). With an appendix by the authors and C. Skiadas.

[8] Ekeland, I.: On the variational principle: Journal of Mathematical Analysis
and Applications, 47:324–353 (1974).

[9] Ekeland, I., Lazrak, A.: Being serious about non-commitment: subgame perfect
equilibrium in continuous time. Preprint, arXiv:math/0604264 (2006).

[10] Ekeland, I., Lazrak, A.: Equilibrium policies when preferences are time-
inconsistent. Preprint, arXiv:0808.3790 (2008).

[11] Ekeland, I., Lazrak, A.: The golden rule when preferences are time-inconsistent.
Mathematics and Financial Economics, 4(1):29–55 (2010).

[12] Ekeland, I., Mbodji, O., Pirvu, T.A.: Time-consistent portfolio management.
SIAM Journal on Financial Mathematics, 3(1):1–32 (2012).

[13] Ekeland, I., Pirvu, T.A.: Investment and consumption without commitment.
Mathematics and Financial Economics, 2(1):57–86 (2008).

[14] Ekeland, I., Taflin, E.: A theory of bond portfolios. The Annals of Applied
Probability, 15(2):1260–1305 (2005).

[15] El Karoui, N., Peng, S., Quenez, M.C.: Backward stochastic differential
equations in finance. Mathematical Finance, 7(1):1–71 (1997).

32



[16] El Karoui, N., Peng, S., Quenez, M.C.: A dynamic maximum principle for the
optimization of recursive utilities under constraints. The Annals of Applied
Probability, 11(3):664–693 (2001).

[17] Frankowska, H., Zhang, H., Zhang, X.: Necessary optimality conditions for
local minimizers of stochastic optimal control problems with state constraints.
Transactions of the American Mathematical Society, 372(2):1289–1331 (2019).

[18] Frittelli, M., Rosazza Gianin, E.: Dynamic convex risk measures. Risk measures
for the 21st century, 227–248 (2004).

[19] Gundel A., Weber, S.: Utility maximization under a shortfall risk constraint.
Journal of Mathematical Economics, 44(11):1126–1151 (2008).

[20] Hamaguchi, Y.: Extended backward stochastic Volterra integral equations and
their applications to time-inconsistent stochastic recursive control problems.
Mathematical Control and Related Fields, 11(2):433–478 (2021).

[21] Hernández, C., Possamaï, D.: Me, myself and I: a general theory of non-
Markovian time-inconsistent stochastic control for sophisticated agents. The
Annals of Applied Probability, 33(2):1396–1458 (2023).

[22] Hernández, C., Possamaï, D.: Time-inconsistent contract theory. Mathematical
Finance, 34(3):1022–1085 (2024).

[23] Heston, S.L.: A closed-form solution for options with stochastic volatility with
applications to bond and currency options. The Review of Financial Studies,
6(2):327–343 (1993).

[24] Horst, U., Moreno-Bromberg, S.: Risk minimization and optimal derivative
design in a principal agent game. Mathematics and Financial Economics,
2(1):1–27 (2008).

[25] Horst, U., Moreno-Bromberg, S.: Efficiency and equilibria in games of optimal
derivative design. Mathematics and Financial Economics, 5(4):269–297 (2011).

[26] Hu, M.: Stochastic global maximum principle for optimization with recursive
utilities. Probability, Uncertainty and Quantitative Risk, 2:Paper No. 1 (2017).

[27] Hu, Y., Imkeller, P., Müller, M.: Utility maximization in incomplete markets.
The Annals of Applied Probability, 15(3):1691–1712 (2005).

[28] Hu, Y., Jin, H., Zhou, X.Y.: Time-inconsistent stochastic linear-quadratic
control. SIAM Journal on Control and Optimization, 50(3):1548–1572 (2012).

[29] Hu, Y., Jin, H., Zhou, X.Y.: Time-inconsistent stochastic linear-quadratic
control: characterization and uniqueness of equilibrium. SIAM Journal on
Control and Optimization, 55(2):1261–1279 (2017).

33



[30] Imkeller, P., Dos Reis, G.: Path regularity and explicit convergence rate
for BSDE with truncated quadratic growth. Stochastic Processes and their
Applications, 120(3):348–379 (2010).

[31] Ji, S., Zhou, X.Y.: A maximum principle for stochastic optimal control with ter-
minal state constraints, and its applications. Communications in Information
and Systems, 6(4):321–337 (2006).

[32] Landriault, D., Li, B., Li, D., Young, V.R.: Equilibrium strategies for the
mean-variance investment problem over a random horizon. SIAM Journal on
Financial Mathematics, 9(3):1046–1073 (2018).

[33] Mastrogiacomo, E., Tarsia, M.: Subgame-perfect equilibrium strategies for
time-inconsistent recursive stochastic control problems. Journal of Mathemat-
ical Analysis and Applications, 527(2), 127425 (2023).

[34] Merton, R.C.: Optimum consumption and portfolio rules in a continuous-time
model. Journal of Economic Theory, 3(4):373–413 (1971).

[35] Moreno-Bromberg, S., Pirvu, T.A., Réveillac, A.: CRRA utility maximiza-
tion under dynamic risk constraints. Communications on Stochastic Analysis,
7(2):203–225 (2013).

[36] Penner, I., Réveillac, A.: Risk measures for processes and BSDEs. Finance
and Stochastics, 19(1):23–66 (2015).

[37] Pirvu, T.A.: Portfolio optimization under the value-at-risk constraint. Quan-
titative Finance, 7(2):125–136 (2007).

[38] Pollak, R.A.: Consistent planning. The Review of Economic Studies, 35:185–
199 (1968).

[39] Rockafellar, R.T.: Convex Analysis. Princeton Mathematical Series, vol. 28.
Princeton University Press, Princeton, N.J. (1970).

[40] Rosazza Gianin, E.: Risk measures via g-expectations. Insurance: Mathematics
and Economics, 39(1):19–34 (2006).

[41] Strotz, R.H.: Myopia and inconsistency in dynamic utility maximization. The
Review of Economic Studies, 23:165–180 (1955).

[42] Tang, S.J., Jing Li, X.: Necessary conditions for optimal control of stochastic
systems with random jumps. SIAM Journal on Control and Optimization,
32(5):1447–1475 (1994).

[43] Wei, Q., Yong, J., Yu, Z.: Time-inconsistent recursive stochastic optimal con-
trol problems. SIAM Journal on Control and Optimization, 55(6):4156–4201
(2017).

34



[44] Wu, Z.: A general maximum principle for optimal control of forward-backward
stochastic systems. Automatica, Journal of IFAC, 49(5):1473–1480 (2013).

[45] Yong, J.: Infinite dimensional optimal control theory. IFAC Proceedings
Volumes, Elsevier, 32(2):2778–2789 (1999).

[46] Yong, J.: Time-inconsistent optimal control problems and the equilibrium HJB
equation. Mathematical Control and Related Fields, 2(3):271–329 (2012).

[47] Yong, J.: Time-inconsistent optimal control problems. In: Jang, S.Y., Kim,
Y.R., Lee, D.W., Yie, I. (editors): Proceedings of the International Congress of
Mathematicians – Seoul 2014. Vol. IV, pages 947–969. Kyung Moon Sa, Seoul
(2014).

[48] Yong, J., Zhou, X.Y.: Stochastic Controls: Hamiltonian Systems and HJB
Equations, Applications of Mathematics (New York), vol. 43. Springer-Verlag,
New York (1999).

[49] Zhuo, Y.: Maximum principle of optimal stochastic control with terminal
state constraint and its application in finance. Journal of Systems Science and
Complexity, 31(4):907–926 (2018).

35


	Introduction
	Control problems under constraints
	Main result: a maximum principle
	Statement of the main theorem
	Proof of Theorem 1
	Corollary to Theorem 1

	Application to a portfolio optimization problem
	Concluding remarks
	Acknowledgements

	Proof of Lemma 2

